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Recap	  3D	  cascades	  



 1 
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Energy	  flux	  injec+on	   Viscous	  dissipa+on	  

“iner+al	  
range”	  (scaling)	  

Equipar++on	  
range	  

Schema+c	  diagram	  of	  3-‐D	  energy	  cascade	  	  

(Number	  of	  degrees	  
of	  freedom	  between	  
k	  and	  k+dk	  ≈k2	  in	  3D)	  



The	  Special	  Case	  of	  2-‐D	  Turbulence	  

For a two dimension flow the vorticity ω must beis perpendicular to v (i.e.,  ω = ω z
z , 1 

ω z = ∂vy / ∂x − ∂vx / ∂x , ω x = ω y = 0 since vz = 0 , ∂ / ∂z = 0 ; consequently:. We therefore can 2 
no longer have any vortex stretching since:  3 

(ω ⋅∇)v ≡ 0  4 

i.e. there is no longer any vortex stretching and the incompressible vorticity equation reduces to 5 
In 2-D we thus obtain an advection-dissipation equation for the vorticity: 6 

Dω
Dt

= ν∇2ω  7 

when the dissipation is negligible, any power of the vorticity is conserved, not only the enstrophy 8 
which is its square.  We can define the enstrophy flux density:  9 

η = −
1
2
∂ω2

∂t   10 

2.5	  	  

The vorticity equation is obtained by taking the curl of the velocity equation: 1 
 2 

Dω
Dt

= ω ⋅∇( )v + ν∇2ω + b; b = 1
ρ2

∇ρ×∇p   3 Vor+city	  eq.	  

Baroclinicity	  vector	  Vortex	  stretching	  term	  

In	  2-‐D:	  

No	  Vortex	  stretching	  

No	  Vortex	  stretching	  

Dω
Dt

= ∂ω
∂t

+ v ⋅∇ω

Recall:	  

Enstrophy	  flux	  density	  



In	  3D,	  Vortex	  stretching	  implies	  the	  
direc+on	  of	  the	  cascade	  is	  from	  large	  to	  

small	  scales	  	  

Read	  sec+on	  
2.4.3	  

 1 
 2 

2.4.3	  

Vortex	  tubes	  (surfaces	  bounded	  by	  lines	  of	  vor+city)	  are	  material	  tubes	  (sec+on	  2.4.3)	  hence	  if	  the	  ends	  of	  the	  tube	  
move	   further	   apart	   as	   the	   flow	   evolves	   (a	   kind	   of	   “drunkard’s	   walk	   in	   a	   complex	   flow),	   then	   since	   the	   tubes	   are	  
incompressible,	  the	  cross-‐sec+on	  must	  tend	  to	  	  get	  smaller,	  hence	  the	  crea+on	  of	  small	  structures	  from	  large	  due	  to	  
vortex	  stretching.	  





Two-‐Dimensional	  Enstrophy	  Cascades	  
1	  

Returning to the ideal case of two dimensional turbulence we have seen that both energy 1 
and enstrophy are conserved by the nonlinear terms, hence both will be cascaded.  We have: 2 

Ω = enstrophy = ω2 =
0

∞

∫ dp Eω (p) =
0

∞

∫ dp p2E(p)  3 

where the enstrophy Ω .  The enstrophy in the nth octave is therefore: 4 

Ωn =
kn / 2

2kn

∫ dp p2E(p) ≈
kn / 2

2kn

∫ dp p2p−β ≈ p3−β
kn / 2

2kn ~ kn
3  E(kn )  5 

From the spectrum we can estimate the lifetime/ ”eddy turn over-time” of a structure size ln = 6 
1/kn as: 7 

τn ~
0

kn

∫ dp p2E(p)⎛
⎝

⎞
⎠

−1/2

~ kn
3E(kn )( )−1/2

 8 

In analogy with the energy cascade, we can also define:  9 

Πn
Ω( ) =

Ωn

τn  10 

as the Fourier-space enstrophy flux (which is constant for a quasi-steady process) through the nth 11 
octave. 12 

enstrophy	  
Spectrum	  of	  vor+city	   Spectrum	  of	  velocity	  



Two-‐Dimensional	  Enstrophy	  Cascades	  
2	  

Finally we obtain the enstrophy flux through the nth octave in Fourier space: 1 

Πn
Ω( ) =

Ωn

τn
~ kn

3E(kn )
kn

3  E(kn )( )−1/2

 2 

If we assume that this is constant in a steady state and independent of n, then η~Πn
Ω( )

 and we 3 
obtain the spectrum in the constant enstrophy flux regime: 4 

E(k) ~ η2 /3k−3  5 

Using either dimensional analysis or the Tauberian theorems (section 2.4.5), we can obtain the 6 
corresponding real space result: 7 
 8 

Δv ≈ η1/3Δx  9 

These formulae (sometimes called the real and in Fourier space “Kraichnan” laws;  10 

Kraichnan	  law	  real	  space	  	  

Kraichnan	  law	  Fourier	  space	  	  

Enstrophy	  flux	  



!

Two-‐Dimensional	  Enstrophy	  Cascades	   Read:	  2.5.2	  	  

Injec+on	  of	  enstrophy	  and	  energy	  at	  the	  same	  wavenumber	  ki	  

	  If	  both	  ε	  and	  η	  are	  cascaded,	  which	  direc+on?	  
	  
Since	  	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
if	  the	  small	  scale	  were	  dominated	  by	  an	  energy	  
cascade,	  then	  
	  	  
	  
and	  this	  would	  yield	  a	  small	  scale	  (large	  k)	  
divergence	  of	  enstrophy	  since:	  
	  
	  
This	  implies	  that	  the	  enstrophy	  is	  cascades	  to	  small	  
scales	  and	  the	  energy	  to	  large	  scales	  (otherwise	  
the	  energy	  flux	  would	  vanish	  in	  the	  small	  scale	  
limit).	  

Eω k( ) = k2E k( )

Eω k( ) = k2k−5/3

Ω = ω2 =
0

∞

∫ dp Eω (p)



GASP data 
Nastrom and Gage 1986 
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Quick	  explana+on	  for	  low	  
frequency	  spectrum	  

Aircraa	  do	  not	  fly	  on	  flat	  trajectories:	  they	  fly	  on	  fractals	  and	  they	  are	  sloping	  .	  
	  
In	  the	  ver+cal	  the	  spectrum	  is	  k-‐2.4,	  this	  becomes	  dominant	  at	  large	  distances	  
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aircraa	  do	  not	  fly	  on	  flat	  
trajectories:	  they	  fly	  on	  
fractals	  and	  they	  are	  
sloping	  	  

NASA’s	  ER-‐2	  aircraa	  during	  missions	  near	  Antarc+ca	  
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adapted	  from	  (Gage	  and	  
Nastrom,	  1986)	  with	  the	  
reference	  lines	  
corresponding	  to	  the	  
horizontal	  and	  ver+cal	  
behaviour	  discussed	  in	  the	  
text	  (exponents	  5/3,	  2.4,	  i.e.	  
ignoring	  intermigency	  
correc+ons	  corresponding	  to	  
Hh	  =	  1/3,	  Hv	  =	  0.7	  as	  well	  as	  to	  
the	  2D	  isotropic	  turbulence	  
slope	  -‐3).	  	  

GASP	  spectrum	  of	  
long	  haul	  flights	  (>	  
4800	  km)	  	  
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Gao	  and	  Merriweather	  1998	  
at	  6km	  al+tude	  
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ER-‐2	  spectra	  
adapted	  from	  
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al.,	  1996)	  
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24	  aircraa	  legs	  ≈1000	  
km	  long,	  from	  Lovejoy	  
et	  al	  2009	  



14500	  aircraa	  flights:	  5-‐5.5km	  al+tude,	  2009,	  
US	  (TAMDAR	  data)	  
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(Theory:	  	  
5/9=0.555…)	  

2-‐D	  exponent:	  =2	  



A fractal Koch curve ([Koch, 
1904]), reproduced from 

[Welander, 1955] to illustrate the 
mixing of a two dimensional 

fluid. 

A fractal Peano curve, reproduced from 
[Steinhaus, 1960] showing how a line 

(dimension 1) can literally fill the plane 
(dimension 2), illustrating how streams 

can fill a surface. 

Set: Black / white, single fractal dimension	


Fractal	  sets	  



Early	  no+ons	  of	  	  dimension	  
(Greeks)	  

Mapping	  the	  unit	  
square	  onto	  the	  
unit	  interval	  
(Cantor,	  
discon+nuous)	  

In	  the	  19th	  C,	  It	  was	  believed	  that	  the	  
dimension	  was	  the	  number	  of	  independent	  
coordinates	  	  needed	  to	  specify	  the	  posi+on	  of	  a	  
point.	  



Con+nuous	  
mapping	  a	  line	  
onto	  the	  unit	  
square	  (Peano,	  	  
…	  but	  not	  1:1)	  

With	  rounded	  corners	  for	  pedagogy	  only:	  



Modern	  defini+on	  
of	  topological	  
dimension	  
(invariant	  under	  
Con+nuous	  and	  
1:1	  mappings)	  

Measure	  based	  
dimensions,	  intui+ve	  



Mathema+cally	  
rigourous	  
defini+ons	  of	  the	  
size	  of	  a	  set:	  
coverings	  

Circle	  centred	  at	  
each	  point	  on	  the	  
set	  

2	  



Cantor-‐
Minkowski	  
coverings	  

δ coverings	  

Hausdorff	  
measures,	  
rela+ve	  to	  w	  at	  
resolu+on	  δ 	  	  

Hausdorff	  measures,	  
rela+ve	  to	  w	  	  



Infinite	  jump	  of	  
Hausdorff	  
measures	  

Proper+es	  of	  
Hausdorff	  
measures	  

Hausdorff	  
measures,	  
dimensions	  D	  



Demonstra+on	  
of	  the	  Infinite	  
jump	  

Subdimensions,	  
law	  of	  iterated	  
logarithm	  



Scale	  
invariance,	  
scaling	  






