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Thermo-­‐
dynamics	
  
analogues	
  

Par++on	
  func+on	
  

F=	
  free	
  energy	
  

S=	
  entropy	
  





Simula+ng	
  isotropic	
  con+nuous	
  in	
  
scale	
  mul+fractals	
  



Con+nuous	
  in	
  scale	
  mul+fractal	
  
modeling	
  	
  

!

A discrete in scale simulation of a 
universal multifractal with basic 
scale ratio λ0 = 2, λ = 29, α = 1.8, 
C1=0.1. 	
  

!

The	
  corresponding	
  con+nuous	
  in	
  
scale	
  simula+on.	
  

!

Same as at left but with an 
additional fractional integration 
of order H = 1/3 (a scale 
i n v a r i an t s mo o th in g ) ; t o 
simulate a turbulent passive 
scalar density; notice that the 
structures are smoothed.	
  	
  



Levy	
  variables	
  
To explain continuous in scale cascade processes in a rather elementary manner, let us first 1 
introduce the “unit” (and extremal) Lévy random variable γα whose probabilities are implicitly 2 
defined by the following characteristic function: 3 

eqγ α = e
qα

α −1( ) ; q ≥ 0

eqγ α = ∞; q < 0; α < 2
 4 

Note that: 5 
 6 
 a) for α = 2 we have the familiar Gaussian case and the q ≥0 formula is valid for all q: 7 
 b) for α = 1 we have eqγ α = eq log q  (q >0, otherwise = ∞ ).  8 

An extremal Lévy random variable A with amplitude a>0 and  Lévy index α therefore satisfies: 1 

A = aγ α  2 

eqA = e
aα qα

α −1 ; q ≥ 0

eqA = ∞; q < 0; α < 2
 3 

(with corresponding exception for α = 1).   4 
 5 

Unit	
  extremal	
  Levy	
  variables	
  

Extremal	
  Levy	
  variables	
  
amplitude	
  A	
  



Second	
  characteris+c	
  func+ons	
  
Consider	
  the	
  problem	
  of	
  determining	
  the	
  probability	
  density	
  pc(C)	
  of	
  the	
  sum	
  C	
  of	
  two	
  
independent	
  random	
  variables	
  A,B,	
  with	
  probability	
  densi+es	
  pA(A),	
  pB(B):	
  

C	
  =	
  A+B	
  

Mul+ply	
  both	
  sides	
  by	
  q	
  and	
  the	
  exponen+ate	
  the	
  result	
  and	
  average:	
  

eAq = eBqeCq = eAq eBq

Now,	
  define	
  the	
  first	
  characteris+c	
  func+on	
  ψ:	

 ψ A q( ) = eAq ψC q( ) = eCqψ B q( ) = eBq

ψC q( ) = ψ A q( )ψ B q( )
Finally	
  defined	
  the	
  second	
  characteris+c	
  func+on	
  K	
  as	
  the	
  log:	
  	
   K q( ) = logψ q( )

Thus:	
   KC q( ) = KA q( ) + KB q( ) Hence	
  for	
  independent	
  r.v.’s,	
  2nd	
  
characteris+c	
  func+ons	
  add	
  

If	
  needed,	
  pC(C)	
  can	
  be	
  found	
  by	
  inverse	
  Laplace	
  transform	
  of	
  	
   ψC q( ) = eKC q( )

pC C( ) = pA A( ) pB B( )δ C − A + B( )( )dAdB∫∫
pC C( ) = pA A( ) pB C − A( )∫ dA

Direct	
  method:	
  

Or:	
   i.e.	
  convolu+on	
  

Solu+on	
  with	
  characteris+c	
  func+ons	
  



Characteris+c	
  func+ons	
  for	
  extremal	
  
Levy	
  variables	
  

Due to the additivity of second characteristic functions for any independent, identically 1 
distributed random variables, this implies that for the sum of two statistically independent Lévy 2 
variables A, B we have: 3 

C = A + B  4 

Hence	
  
Kα q( ) = log eqγα = qα

α −1
; q ≥ 0

Kα q( ) = log eqγα = ∞; q < 0; α < 2

ψα q( ) = eqγα = e
qα

α−1; q ≥ 0

ψα q( ) = eqγα = ∞; q < 0; α < 2
First	
  characteris+c	
  func+ons	
  

Second	
  characteris+c	
  func+ons	
  

A = aγ α B = bγ α

KC q( ) = a
αqα

α −1
+ b

αqα

α −1
=
aα + bα( )qα

α −1

For	
  unit	
  Levy	
  variable	
  

For	
  unit	
  Levy	
  variable	
  

KA q( ) = log eqaγα = a
αqα

α −1

KB q( ) = log eqbγα = b
αqα

α −1

This	
  shows	
  that	
   C = cγ α ; cα = aα + bα

KC q( ) = KA q( ) + KB q( )

with	
   and	
  

Hence:	
  
and	
  

subs+tu+ng	
  

i.e.	
  the	
  sum	
  of	
  two	
  extremal	
  Levy’s	
  is	
  an	
  extremal	
  Levy	
  

“Stability	
  under	
  addi+on”	
   (Sum	
  of	
  Levy	
  variables=	
  Levy	
  variable	
  of	
  same	
  type)	
  

(If	
  α>2,	
  the	
  densi+es	
  are	
  not	
  posi+ve)	
  

α=2	
  is	
  Gaussian	
  case	
  and	
  this	
  is	
  valid	
  for	
  all	
  q	
  



Probabili+es	
  of	
  Levy	
  variables	
  

lα
q →∞; q ≥α

p lα( ) ≈ A+lα
−α−1; lα >>1

p lα( ) ≈ A− −lα( )−α−1 ; lα << −1

General	
  Levy	
  variables	
  

p γ α( ) ≈ exp − γ α

′α
⎛
⎝⎜

⎞
⎠⎟

′α⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
; γ α

′α
⎛
⎝⎜

⎞
⎠⎟

′α

>> 0; 1
′α
+ 1
α

= 1

p γ α( ) ≈ −γ α( )−α−1 ; γ α << 0; 0 <α < 2

Extremal	
  Levy	
  variables	
  
(with	
  A+=0)	
  

Power	
  law	
  tails	
  for	
  both	
  large	
  
posi+ve	
  and	
  nega+ve	
  values	
  

Power	
  law	
  tails	
  for	
  large	
  
nega+ve	
  values	
  only	
  

Generally	
  different	
  
weights	
  of	
  the	
  “tails”	
  

A+	
  =	
  0:	
  “extremal”	
  or	
  maximally	
  skewed	
  

ελ
q = λqγ = eqγα logλ = eqγα logλpα γ α( )dγ α

−∞

∞

∫ ελ
q ≈ A− eqγα logλ −γ α( )−α−1 dγ α

−∞

−1

∫ + A+ eqγα logλ γ α( )−α−1 dγ α
1

∞

∫

Only	
  if	
  A+	
  =0	
  will	
  the	
  moments	
  of	
  ελ	
  converge	
  for	
  q>0	
  

Reason	
  for	
  extremals:	
  



Con+nuous	
  in	
  scale	
  cascade	
  processes	
  	
  

With the help a suitably normalized convolution kernel gλ(r), it then possible to colour this white 1 

noise to obtain a generator Γλ = logελ  such that 
ελ
q = eqΓλ = eK q( ) log λ

.  2 

We now show how to obtain a generator with the appropriate properties (including a 1 
mean codimension C1) by convolving a Levy noise γα(r) with a kernel gλ(r): 2 

Γλ = C1
1/αgλ ∗ γ α = C1

1/α gλ r − r′( )γ α∫ r( )dr
 3 

We now review, step by step the different properties that the kernel gλ(r) and its domain of 1 
integration must satisfy in order to obtain the announced result, in particular that the multifractal 2 
ελ: 3 

� 

ελ = eΓλ  4 

will be indeed be multiscaling: ελ
q = λK q( )

.  5 

Put	
  i.i.d.	
  Levy	
  r.v.’s	
  on	
  a	
  grid,	
  then	
  
take	
  small	
  scale	
  limit	
  



A comparison of the Gaussian (α =2, top) 
and Levy (α =1.6, bottom) subgenerators γα 
showing that whereas the former is both 
positive – negative symmetric with low 
ampli tude excursions, the lat ter is 
asymmetric with huge (algebraic) excursions 
for negative values. 	
  

Levy	
  sub	
  generators	
  γα(r)	
  

Gaussian (α =2) 	
  

Levy (α =1.6) 	
  



How	
  to	
  obtain	
  log	
  divergent	
  generator	
  
second	
  characteris+c	
  func+on	
  

This is the first property to be respected:  1 

� 

KΓ(q,λ) = Log(< eqΓλ >= Log(λ)K(q)  2 

i.e. gλ(r) must be chosen so as to yield a logarithmic divergence of the second characteristic 3 
function of the generator Γλ.   4 

Since γα(r) is statistically homogeneous, the statistics of Γ are independent of r so that one can 1 
take r = 0 and apply the additivity of the second characteristic function: 2 

KΓ (q) = C1
qα

α −1
gλ α

α ; gλ α

α ≡ gλ r( )∫
α
dd r

 3 

where the α-1 in the denominator comes from the definition of the unit Levy variables, 4 

In order to obtain the desired Log(λ) divergence for KΓ it suffices to choose gλ to be an 1 
isotropic power law with the appropriate power law from the larger scale L to the resolution L/λ: 2 

gλ r( ) = N
d ,α

−1/α1L/λ≤ r ≤L r
−d /α

 3 

where 

� 

1B  is the indicator function of the subset B i.e. 1B(r) =1 if r ∈B , = 0 otherwise.  This 4 
implies: 5 

ελ
q = eqΓλ = e

C1
α −1

qαNd
−1Ωd log λ ; Ωd = dd ′r

′r =1
∫

 6 

where Ωd is the integral over all the angles in the d dimensional space (e.g. Ω1 = 2, Ω2 = 2π, Ω3 = 7 
4π etc.).  8 

Criterion	
  for	
  choosing	
  g	
  

Γλ r( ) = C1
1/αgλ ∗ γ α = C1

1/α gλ r − r′( )γ α∫ ′r( )d ′r

Recall:	
  

′r −d /α( )α dd ′r
L≤ r ≤L/λ
∫ = ′r −d /α( )α Ωd ′r d−1 d ′r

L/λ

L

∫ =Ωd logλCheck:	
  

Note:	
  take	
  g(r)=g(-­‐r)	
  



Normaliza+on	
  

We see that if we choose: 1 
Nd = Ωd  2 

then we obtain the desired nonlinear part of the multiscaling behaviour: 3 

ελ ,u
q = λKu q( ); Ku q( ) = C1

α −1
qα  4 

where Ku is the unnormalized exponent scaling function corresponding to the fact that ε given by 5 
is unnormalized (hence we temporarily add the subscript “u”).  A normalized ελ,n can now be 6 
easily obtained using:  7 

ελ ,n =
ελ ,u

ελ ,u

 8 

so that: 9 

ελ ,n
q = λK q( ); K q( ) = Ku q( ) − qKu 1( ) = C1

α −1
qα − q( )

  10 
as required (we temporarily add the subscript “n” to distinguish it from the unnormalized 11 
process).  12 

ελ
q = eqΓλ = e

C1
α−1

qαNd
−1Ωd logλ ; Ωd = dd ′r

′r =1
∫

Recall:	
  



Frac+onal	
  Brownian	
  and	
  frac+onal	
  
Lévy	
  noises	
  	
  

More precisely, these are written as convolutions of noises with power laws which are 1 
extensions of integration/differentiation to fractional orders; “fractional integrals”: 2 

v r( ) = γ α ∗ r
− d− ′H( ) =

γ α ′r( )
r − ′r d− ′H dd ′r∫ ; ′H = H + d /α

  3 

where γα is again a Lévy noise made of uncorrelated Lévy random variables (here they need not 4 
be extremal) and H’ is the order of fractional integration (as usual, the Gaussian case is 5 
recovered with α =2). 6 

“Fractionally Integrated Flux”, FIF model: 1 

vλ r( ) = ελ ∗ r
d−H =

ελ ′r( )dd ′r
r − ′r d−H∫

 2 

we already saw that the flux itself can be modelled in the same (power convolution/fractional 3 
integration) framework 4 

fBm	
  =	
  Frac+onal	
  Brownian	
  Mo+on	
  (α=2)	
  
fLm=Frac+onal	
  Levy	
  Mo+on	
  (0≤α<2)	
  

FIF=	
  Frac+onally	
  Integrated	
  Flux	
  model	
  

Power	
  law	
  convolu+on	
  



Frac+onal	
  deriva+ves,	
  integrals	
  
The power law convolution is easier to understand if we consider it in Fourier space.  Since the 1 
Fourier transform (“F.T.”) of a singularity is another singularity (the Tauberian theorem): 2 

r − D−H( ) ↔
F .T .

k −H
 3 

We can use the basic property that a convolution is Fourier transformed into a multiplication, to 4 
obtain simply: 5 

 v
 k( )∝ γα

 k( ) k −H

 6 

where: 7 

 
v r( )↔

F .T .
v k( ); γ α r( )↔

F .T .
γ α
 k( )  8 

We thus see that the convolution with power law r
− D−H( )

 is the equivalent to a power 9 

law filter k
−H

.  However, such filters are themselves generalizations of differentiation (H<0) or 10 

integration (H>0).  To see this, recall the Fourier transform of the Laplacian: ∇2γ α( )↔F.T .− k 2 γ α
  11 

so (ignoring constant factors) that k
−H

 corresponds to real space ∇2( )−H /2 , i.e. for H>0 it 12 
corresponds to a negative order differentiation (i.e. integration) of order H. 13 



The upper left simulation shows fBm , with H = 0.7, lower left fLm with H = 0.7, α =1.8,  and 
the right the Multifractal FIF with H = 0.7, α =1.8, C1= 0.12 (close to observations for topography).   
Note the occasional “spikes” in the FLm which are absent in the fBm; these are due to the extreme 
power law tails (In this fLm positive extremal Levy variables were used, hence there are no 
corresponding “holes”)	
  .	
  

fBm,	
  fLm,	
  FIF	
  examples	
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FIF	
  simula+ons	
  1-­‐D	
  

FIF simulations with α = 0.3, 0.5, …1.9, 
(bottom to top), C1 = 0.1, each offset for clarity, 
each with the same random seed.  	
  

H=0	
  

H=0.333	
  

H=	
  -­‐0.333	
   “smoothing”	
  “roughening”	
  



Theore+cal	
  Comparison	
  of	
  fBM,	
  fLm,	
  
FIF	
  



Isotropic (i.e. self-similar) multifractal simulations showing the effect of varying the parameters α and H (C1=0.1 in all cases).  From left to 
right, H = 0.2, 0.5 and 0.8. From top to bottom, α =1.1, 1.5 and 1.8. As H increases, the fields become smoother and as α decreases, one 
notices more and more prominent “holes” (i.e. low smooth regions). The realistic values for topography (α=1.79, C1=0.12, H=0.7) 
correspond to the two lower right hand simulations. All the simulations have the same random seed. 	
  

H=0.2	
   H=0.5	
   H=0.8	
  

α=1.1	
  

α=1.5	
  

α=1.9	
  

All:	
  C1	
  =	
  0.2	
  



FIF	
  on	
  a	
  sphere	
  

A simulation of an (isotropic) multifractal topography on a sphere using the spherical harmonic method 
discussed in the appendix (both sides of a single simulation are shown, using false colours).  The 
simulation parameters are close to the measured values: α =1.8, C1= 0.1, H = 0.7.  The absence of 
mountain “chains” and other typical geomorphological features are presumably due to the absence of 
anisotropy. 	
  



Generalized	
  Scale	
  Invariance	
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Anisotropic	
  cascades,	
  ellip+cal	
  
dimensions	
  	
  

!

An−1
An

= λ0λ0
Hz = λ0

Del ; Del = 1+ Hz

In	
   the	
   figure,	
   λ0	
   =	
   4	
   and	
   λ0
Hz

	
   =	
   2	
  
respec+vely	
  so	
  that	
  Hz	
  =	
  log2/log4	
  
=	
   1/2).	
   	
   Indeed,	
   the	
   reduc+on	
  of	
  
the	
   areas	
   at	
   each	
   itera+on	
   is	
   by	
  
the	
  factor:	
  	
  

A	
  schema+c	
  of	
  an	
  anisotropic	
  cascade;	
  compare	
  with	
   its	
   isotropic	
  counterpart.	
   	
  The	
  exponent	
  governing	
  
the	
  decrease	
   in	
  area	
   (equivalently	
   the	
   increase	
   in	
  number)	
  of	
   the	
   subeddies	
  with	
  each	
   itera+on	
   is	
  Del	
   =	
  
log8/log4=3/2.	
  	
  On	
  the	
  right	
  hand	
  side	
  we	
  illustrate	
  the	
  inhomogeneous	
  (intermijent)	
  anisotropic	
  cascade	
  
in	
  which	
  λ0

C	
  =	
  2	
  of	
  the	
  8	
  subeddies	
  on	
  average	
  are	
  killed	
  off	
  so	
  the	
  corresponding	
  ellip+cal	
  (anisotropic)	
  
dimension	
  of	
  the	
  ac+ve	
  regions	
  of	
  D	
  =	
  Del	
  -­‐	
  C	
  =	
  log6/log2	
  =	
  1.29...	
  	
  



Anisotropic	
  “Sierpinski	
  carpet”	
  	
  

An	
   example	
   of	
   a	
   determinis+c	
   β	
   model	
   an	
   anisotropic	
   “Sierpinski	
   carpet”	
  
obtained	
  by	
  dividing	
  the	
  horizontal	
  by	
  factors	
  of	
  5	
  and	
  the	
  ver+cal	
  by	
  factors	
  
of	
  3	
  at	
  each	
  itera+on	
  and	
  removing	
  the	
  3	
  middle	
  rectangles	
  (keeping	
  the	
  12	
  
outer	
  ones);	
  	
  



!



Δx,Δy( ) = Δx2 + Δy2( )1/2
Size notion: 

Large scale 2D 

Mean large structures - flat (thickness 
independent of scale) 

“Weather” 

Small scale 3D 

Mean structures - spherical (only smalll ones are 
physically possible due to finite thickness) 

Δx,Δy,Δz( ) = Δx2 + Δy2 + Δz2( )1/2
Size notion: 

“Turbulence” 

The	
  Standard	
  (2D/3D)	
  Model	
  



Ver+cal	
  cascades:	
  	
  
lidar	
  backscajer	
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Log	
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Log	
   10	
  λ	
  10km	
  
12m	
  

Ver+cal	
  cascade	
  

q=0,	
  0.2,	
  0.4…,	
  2	
  

From	
  10	
  airborne	
  lidar	
  cross-­‐sec+ons	
  near	
  Vancouver	
  B.C.	
  

M = δ Iλ
q / δ I1

q

q=1.6	
  

q=1	
  

q=0.4	
  

q=2	
  

q=1.6	
  

q=1	
  

q=0.4	
  

C1=0.11	
  
C1=0.076	
  

M = ϕλ
q / ϕ q

Mq ≈ λK q( )
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Ver+cal	
  cascades:	
  	
  
Thermodynamic	
  fields	
  

T	
  
logθ	



h	
   logθE	



M = ϕλ
q / ϕ q

Mq ≈ λK q( )



The physical scale 
function and 

differential scaling 

Bolgiano-
Obhukhov 

Kolmogorov 

Isotropic function 

Anisotropic physical 
scale function 

Δx,Δz( ) = ls
Δx
ls

⎛
⎝⎜

⎞
⎠⎟

2

+
Δz
ls

⎛
⎝⎜

⎞
⎠⎟

2 /Hz⎛

⎝
⎜

⎞

⎠
⎟

1/2

Hz=1	



Sphero-scale 

Hz=5/9	



Δr → Δr
Usual distance 
(=vector norm) 

Scale function 
(scale notion) 

“canonical” scale function: 

Vertical sections 

λ−G r = λ−1 r

G =
1 0
0 Hz

⎛

⎝
⎜

⎞

⎠
⎟

Scale	
  symmetry	
  



Del=2 Del=2.33 

Del=23/9=2.55 Del=3 

Δv Δx( ) = ε1/3Δx1/3; Δv Δz( ) = φ1/5Δz3/5
The 23/9D model: 

Hz=(1/3)/(3/5)=5/9 

Volume≈LxLxLHz≈LDel Del=2+Hz=23/9 

Anisotropic	
  Scaling	
  

Kolmogorov 

Bolgiano-Obukhov 

c.f.	
  empirical:	
  2.57	
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