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Cascades,	  extremes	  and	  
divergence	  of	  moments	  



Divergence	  of	  
Sta+s+cal	  Moments	  

and	  extremes	  	  
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An example of an α model cascade. The left 1 
hand side shows the step by step construction of a 2 
(“bare”) multifractal cascade starting with an initially 3 
uniform unit flux density.  The right hand side shows the 4 
result of spatial averaging (to the same scale as the left 5 
image) of the cascade developed over the full range (a 6 
factor λ = 27 here, bottom centre): the “dressed” cascade 7 
discussed in the text.  The vertical axis represents the 8 
density of energy ε  flux to smaller scales which is 9 
conserved by the non-linear terms in the dynamical 10 
equations governing fluid turbulence. At each step the 11 
horizontal scale is divided by two, and independent 12 
random factors are chosen either < 1 or > 1. 13 

ελ
q = λK q( ); Pr ελ > λγ( ) ≈ λ−c γ( )

“Bare”	   sta+s+cs	   –	   proper+es	   of	  
cascade	  completed	  over	  range	  λ:	




In order to define the dressed flux, start by defining the Λ resolution flux ΠΛ A( )
 over the set A: 1 

ΠΛ A( ) = εΛd
D x

A
∫

 2 

We can now define the “partially dressed” flux density ελ,Λ(d )  as: 3 

ελ,Λ(d ) =
ΠΛ Bλ( )
vol Bλ( )  4 

where vol(Bλ) = λ-D  is the D-dimensional volume of a ball (interval, square, cube etc.) of size 5 
L/λ and the “(fully) dressed flux density” as: 6 

ελ,(d ) = limΛ→∞
ελ,Λ(d )  7 

The terms “bare” and “dressed” are borrowed from renormalization jargon and are justified 8 
because the “bare” quantities neglect the small scale interactions (<L/λ), whereas the “dressed” 9 
quantities take them into account.  10 

Defini+on	  of	  dressed	  flux	  
Cascade	  ε	  
developped	  over	  the	  
scale	  ra+o	  Λ	  

Bλ	  =	  A	  

Λ-‐1	  

εΛ	  

λ-‐1	  

Cascade	  ε	  developped	  
over	  	  infinite	  range, 
averaged	  over	  the	  scale	  
ra+o λ	  

Cascade	  ε	  developped	  
over	  range	  Λ, averaged	  
over	  the	  scale	  ra+o λ	  

Cascade	  ε	  developped	  
over	  range	  Λ, integrated	  
over	  the	  set	  A	  
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(shrink	  factor	  λ)	  



With the “hidden” factor given by: 1 
ε∞ h( ) = limΛ→∞

εΛ /λ h( ) = Π∞ B1( )
 2 

i.e. ε∞ h( )  is a fully developed, fully integrated cascade and from the factorization: 3 
ελ d( ) = ελΠ∞ B1( )  4 

and taking qth moments: 5 

ελ d( )
q = ελ

q Π∞ B1( )q
 6 

Since for any q, finite λ,  ελ
q = λK q( )

 is always finite, the finiteness of ελ d( )
q

  depends on 7 

Π∞ B1( )q .  8 

The	  hidden	  factor	  

ελ d( ) = ελε∞ h( )

Factoriza+on	  shows	  that:	  	  



Divergence	  of	  High	  Order	  
Sta+s+cal	  Moments	  	  

We are interested in the statistics of the dressed and partially dressed density: 1 
ελ,Λ d( ) = ΠΛ Bλ( ) / vol Bλ( )  we will consider the mean of the qth power of the flux on the set A 2 
(dimension D) of the cascade constructed down to the scale L/λ : 3 

λ
q∏ (A) =

A∫ Dd x ελ⎡ 
⎣ 

⎤ 
⎦ 

q

  4 
when q is an integer ≥ 1: 5 

A∫ Dd x ελ⎡ 
⎣ 

⎤ 
⎦ 

q
=

A∫ ⋅⋅ ⋅
A∫  Dd x1 ⋅ ⋅ ⋅ Dd xq ελ(x1) ⋅ ⋅ ⋅ ελ(xq )

 6 
The complexity of this multiple integral suggests the introduction of “trace moments” 7 

which are obtained by integrating over the subset of the integral obtained by taking 8 
x1 = x2 = x3 = ... ; 9 

TrA  (ελ )q =
A∫ dqDx ελ

q

 10 

where Aλ   is the set A at resolution λ  (i.e., obtained by a disjoint covering of A with balls Bλ, 11 
ελ  is the usual (bare) flux density at resolution λ). 12 

qth	  order	  dressed	  moment	  over	  set	  A	  

qth	  order	  resolu+on	  λ	  trace	  moments	  

Π∞ B1( )qOur	  goal	  is	  to	  determine	  the	  sta+s+cs	  of	  the	  fully	  integrated,	  fully	  developped	  cascade:	  
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Πλ Bλ( ) = λ−Dελ

TrAελ
q = Πλ Bλ( )( )q

A
∑TrA  (ελ )q =

A∫ d
qDx ελ

q

Πλ A( )( )q = Πλ Bλ( )( )
A
∑⎛⎝⎜

⎞
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q

A	  at	  resolu+on	  λ	

(=	  cover	  of	  A	  with	  disjoint	  balls	  Bλ)	  

Usual	  moments:	  

Trace	  moments:	  

Πλ A( ) = ελ
A
∫ dD x

Πλ Bλ( )( )q = Πλ Bλ( )( )
A
∑⎛⎝⎜

⎞
⎠⎟

q

> Πλ Bλ( )( )q
A
∑ ;

= Πλ Bλ( )( )q
A
∑ ;

< Πλ Bλ( )( )q
A
∑ ;

q >1
q =1
q <1

Proper+es	  of	  Trace	  moments	  

Using the fact that for any  positive xi      is a 
decreasing function of q, (a Jensen inequality) we 
have:	  

xi
q

i
∑⎛⎝⎜

⎞
⎠⎟

1/q

Πλ A( )



Proper+es	  of	  Trace	  moments	  

Taking ensemble averages we obtain: 1 
 2 

q
λ∏ (A) ≥ TrA

qελ             (q >1)
   3 

                 ≤ TrA
qελ             (q < 1)  4 

The use of trace moments rather than the usual moments has a number of advantages.  5 
First, it is defined for all q (whereas the usual moments can only be expanded as multiple 6 
integrals for positive integer q).  Second, trace moments are Hausdorff measures since we can 7 
use the scaling of 〈 qελ 〉  to obtain a Hausdorff measure over a higher dimensional space (for 8 
convenience we have left out the inf, etc.).  We anticipate that in the limit λ →∞  they will either 9 
diverge to ∞  or converge to 0; in fact, they will have two transitions! 10 



Degenerate	  cascades	  
~

Aλ
∑ ελ

q λ−qD =
Aλ
∑λK (q)λ−qDTrA  (ελ )q =

A∫ d
qDx ελ

q

Due to the monotonicity of C(q) this is equivalent to C1>D.  In this case, 1 

 
lim
λ→∞

TrAλ
qελ → 0 ⇒  q

∞∏ (A) = 0
 2 

for all q<1, hence the process is degenerate on the space.  This implies that when C1>D, then the 3 
mean of the bare process is too sparse to be observed in the space D; in fact, the above shows 4 

that if C1>D it is impossible to normalize the process so that the dressed mean Π∞ (A)  is finite. 5 

The	  case:	  C(q)>D	  for	  q<1	  (i.e.	  C1>D)	  
Recall:	  	  	  

TrAλ
qελ  = Dλ ⋅ K(q)λ ⋅ −qDλ  = K(q)−(q−1)Dλ  = (q −1)(C(q)−D)λ

Now use box counting in the sum ; there will be  terms, each of value 	   〈 qελ 〉 −qDλ

Where we have used the dual codimension function C(q) = K(q)/(q-1). 	  

Take	  	  
λ→∞

Πλ A( )( )q ≤ TrAελ
q ; q <1

From	  previous	  

The case C(q)>D for q<1: 	  



Nondegenerate	  cascades	  

In this case, the trace moments diverge for q<1, but this does not affect the convergence 1 
of the dressed moments (the trace moments are upper bounds here).  On the other hand, for q>1, 2 
we find: 3 

lim
λ→∞ λATr qελ → ∞ ⇒  ∞∏ (A) → ∞

   4 
for all C(q)>D.  Using the implicit definition of qD: C(qD) = D, we thus obtain: 5 

Π∞(A)( )q →∞; q > qD  6 

i.e., in this case, divergence of the trace moments implies divergence of the corresponding 7 
dressed moments. 8 

The	  case:	  C(q)<D	  for	  q>1	  	  

TrAλ
qελ  = Dλ ⋅ K(q)λ ⋅ −qDλ  = K(q)−(q−1)Dλ  = (q −1)(C(q)−D)λ

The	  case:	  C(q)<D	  for	  q>1	  (i.e.	  C1<D)	  	  
Take	  	  
λ→∞

q>1,	  C(q)>D	  recall:	  
q

λ∏ (A) ≥ TrA
qελ             (q >1)



Kd q( ) = K(q);      q < qD
∞;             q ≥ qD

⎧
⎨
⎩

〈ελ(d )
q 〉 = ∞,  q ≥ qD  ⇔   Pr(ελ(d ) > s) ~ s−qD ,  s >>1

Divergence	  of	  dressed	  moments:	  

ελ d( )
q = λKd q( )

where:	  

Probability	  distribu+ons	  

qD	  is	  the	  solu+on	  to	  
the	  implicit	  equa+on	  

ε∞,(h)
q ≈

O 1( ); q < qD
∞; q ≥ qD

K qD( ) = D q −1( )

The	  hidden	  moments	  diverge:	  

Mul+fractal	  Buderfly	  effect	  

Long	  range	  dependencies	  
place	  this	  outside	  the	  

framework	  of	  Extreme	  Value	  
Theory	  

Discon+nuity	  in	  first	  
deriva+ve	  =	  first	  order	  
mul+fractal	  phase	  

transi+on	  

Mandelbrot	  1974,	  S+L	  1987	  

Divergence	  due	  to	  small	  scales:	  the	  
mul,fractal	  bu;erfly	  effect	  

ελ d( ) = ελε∞ h( ) small	  scales:	  
integra+on	  over	  a	  fully	  
developped	  cascade:	  

large	  scales	  
(scale	  range	  λ)	  

Full	  cascade	  
averaged	  at	  scale	  λ-‐1	  

ε∞ h( ) =Π∞ B1( )

ελ
q = p ελ( )ελq∫ dελ = ελ

−qD−1ελ
q∫ dελ = ελ

−qD+q

Proof	  (RHS-‐>RHS):	  

Which	  diverges	  at	  large	  ελ	  when	  q>qD	  

Pr ελ
′ > ελ( ) ≈ ελ

−qD p ελ( ) ≈ d Pr
dελ

≈ ελ
−qD−1hence	  

and	  



K(q)

q1 qD

D(q  -1)D

K(q)

C1

γ D = ′K qD( )
Kd q( )

To calculate the corresponding dressed codimension cd(γ), we can use the Legendre transform of 1 
Kd(q) to obtain: 2 

cd (γ ) = c(γ ), γ ≤ γ D

cd (γ ) = qD (γ − γ D ) + c(γ D ),      γ > γ D  3 
where γD = K’(qD) is the critical singularity corresponding to the critical qD.  This transition from 4 
convex “bare” behaviour to linear “dressed” behaviour represents a discontinuity in the second 5 
derivative of c(γ); hence a “second order multifractal phase transition” for c (for K, see below). 6 

cd γ( ) = max
q

qγ − Kd q( )( )
For	  all	  γ>γD,	  the	  
max	  is	  at	  q	  =	  qD	  

The	  dressed	  codimension	  func+on	  cd(γ)	  

Pr ελ
′ > ελ( ) ≈ λ−cd γ( ) γ = logελ

logλ

cd (γ ) = qDγ + logλ A; logλ A = −qDγ D − c(γ D ); γ > γ D

Pr ελ
′ > ελ( ) ≈ Aλ −qDγ = Ae−qD logελ( )/logλ( ) logλ = Aελ

−qD ; ελ > λγ D

Linear	  cd(γ)	  and	  power	  law	  ελ	




�

c(�)

C1

C1

�
D

�
s1

� s2

q
D

q
s
1

D+Ds 2

D+Ds1

�
d,s2

D

D

q=1

 

c γ( )

cd γ( )

Discon+nuity	  in	  c’’(γ)	  
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Mul+fractal	  phase	  transi+ons:	  
Effect	  of	  finite	  sampling	  on	  codimensions	  

Large	  sample:	  

Small	  sample:	  

Ds =
logNs

logλ

Sampling	  dimension	  



K(q)

q
1

qq
Ds1

�s1

�s2
�

D

D

D(q  -1)
D

K(q)

�
s

C
1

�

K qD( ) = D q −1( )
Equa+on	  for	  qD:	  

Critical sampling 
singularity 
γD = K’(qD) 	  

First	  order	  Mul+fractal	  phase	  transi+ons:	  
Effect	  of	  finite	  sampling	  on	  K(q)	   Ks q( ) = max

γ<γ s
qγ − cd γ( )( )

Ks q( )
For	  qs1	  =c’(γs1)<qD	  

Ks q( )
For	  qs2	  =c’(γs2)>qD	  

Discon+nuity	  in	  K’(q)	  
at	  q =	  qD	  



Sandpile	  “mean	  shape”	  
	  	  	  	  	  =	  	  result	  of	  extreme	  	  
	  	  	  	  	  	  	  	  	  	  avalanches	  

The	  mean	  field	  results	  from	  catastrophes!	  

Self-‐Organized	  cri+cality	  (SOC)	  

Classical	  	  SOC:	  zero	  flux	  limit	  
Nonclassical	  mul+fractal	  SOC:	  quasi	  constant	  flux	  

Opera+onal	  defini+on	  of	  SOC:	  
Spa+al	  scaling	  and	  Power	  law	  probabili+es	  

Pr(ελ(d ) > s) ~ s−qD ,  s >>1



Divergence	  of	  moments	  in	  Laboratory	  turbulence	  

Pr ε > s( ) ≈ s−qD ,ε

Dissipa+on	  Range:	  

ε ≈ νv ⋅∇2v ≈ ν Δv
2

Δx2
Pr ε > s( ) = Pr νΔv2

Δx2
> s

⎛
⎝⎜

⎞
⎠⎟
= Pr Δv > Δx

ν1/2
⎛
⎝⎜

⎞
⎠⎟ s

1/2⎛
⎝⎜

⎞
⎠⎟

Iner+al	  Range:	  

Laboratory	  Data:	  	  

qD,v(diss ) ≈ 5.4; qD,ε ≈ 2.7

qD,v(inertial ) ≈ 7.7; qD,ε ≈ 2.6

qD,ε = qD,v(diss) / 2

qD,ε = qD,v(inertial ) / 3

Dissipa+on	  range	  es+mate:	  

Iner+al	  range	  es+mate:	  
Radelescu,	  L+S+M	  2002	  

ε ≈ Δv3

Δx

Let’s	  test	  the	  predic+on:	  

s >>1

Pr ε > s( ) = Pr Δv3

Δx
> s

⎛
⎝⎜

⎞
⎠⎟
= Pr Δv > Δxs1/3( )
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Across	  ver+cal	  layers	  	  
radiosondes	  

Layers	  50,100,	  200,	  400,…3200m	  
(S+L1985)	  

Divergence	  of	  moments	  in	  
the	  horizontal	  wind	  field	  

In	  +me	  	  
sonic	  probe,	  10	  Hz	  
(Schmid,	  S+L	  1994)	  

qD≈5	  

qD≈	  5.7	  	  
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In	  the	  horizontal	  
aircraw:	  40,	  80	  m	  

(L+S	  2007)	  

qD≈	  7.5	  



Corsica	  horizontal	  wind	  data	  at	  20s	  resolu+on	  (Fidon	  et	  al	  2012)	  

qD	  =	  6	  
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10x10x10cm	   cubes	   from	  
s t e r e o p h o t o g r a p h y	   o f	  
raindops.	  	  

Probability	   distribu+ons	   of	   Rain	  
rate	  from	  rain	  gauges	  

qD=5	  
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Prediction of cascade models:  Pr ΔR > s( ) ≈ s−qD s >>1



Abrupt events, extreme 
changes 
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δ18O GRIP (GReenland Ice core Project), summit 
location (≈75oN), High (5.2 yr ) resolution section 

Current 
interglacial 
(Holecene) 

Last glacial 

“Dansgaard Oesger events” 

≈6K 

Abrupt events, extreme changes 

Data:	  thanks	  to	  P.	  Ditlevsen	  



GRIP	  Probabili+es	  of	  extreme	  changes	  

- 2.0 - 1.5 - 1.0 - 0.5 0.5 1.0
Log10s

- 4

- 3

- 2

- 1

Log10Pr

qD=7.8,	  6.2	  

Gaussian	  	  
probability<10-‐47	  

Gaussian	  	  
probability<10-‐44	  

time 

depth 

Pr ΔT > s( ) ≈ s−qD

Extreme 100 
changes 

Limit	  of	  Levy	  variables	  (α=qD<2)	  

Greenland	  ice	  core	  
δ18O	  temperature	  
proxies	  



L+S	  2013	  

qD	  es+mates	  
for	  various	  
geophysical	  
fields	  

Most	  exponents:	  range	  3-‐5	  



L+S	  2013	  

qD	  es+mates	  
for	  various	  
hydrological
fields	  

Most	  exponents:	  ≈	  3	  



Mul+fractal	  analysis	  of	  sets	  of	  points:	  
Codimension	  versus	  dimension	  

mul+fractal	  formalism	  



Box,	  informa+on,	  and	  correla+on	  
dimensions	  (1)	  

We	  introduced	  both	  the	  box	  (Dbox)	  and	  correla+on	  (Dcor)	  dimensions	  of	  a	  set	  of	  
points:	  the	  first	  is	  the	  exponent	  of	  the	  average	  number	  of	  disjoint	  boxes	  size	  L/l	  
needed	   to	   cover	   the	   set,	   while	   the	   second	   is	   the	   exponent	   of	   the	   number	   of	  
point	  pairs	  separated	  by	  a	  distance	  ≤	  L/l.	  Since	  both	  dimensions	  are	  in	  common	  
use	   (Dcor	   par+cularly	   for	   characterizing	   strange	   “chao+c”/”strange”	   adractors)	  
such	  as	  the	  Mandelbrot	  set,	   let	  us	  now	  consider	  the	  rela+on	  between	  the	  two.	  	  
First	   suppose	   that	   the	   set	   of	   interest	   (denoted	   A)	   can	   be	   embedded	   in	   a	   d-‐
dimensional	  “cube”	  of	  size	  L;	  and	  cover	  the	  cube	  with	  a	  grid	  of	  λd	  disjoint	  boxes	  
each	  of	  size	  l	  =	  L/λ.	  	  Denote	  the	  number	  of	  points	  in	  the	  ith	  l-‐sized	  grid	  box	  by	  ni,l	  
so	  that	  the	  total	  number	  of	  points	  	  is:	  

N = ni,λ
i=1

λd

∑
λ-‐1	  

ni,λ	  

1	  l	  =λ-‐1	  



If	   the	   points	   are	   from	   a	   strange	   adractor	   (such	   as	   the	   Lorenz	   adractor),	   then	   the	  
space	  is	  the	  system’s	  phase	  space	  and	  (with	  an	  ergodic	  hypothesis)	  we	  can	  interpret	  
Pi,l	  =	  ni,l/N	   is	  an	  empirical	  frequency	  that	  approximates	  the	  probability	  of	  finding	  the	  
system	   in	   the	   ith	   box	  at	  phase	   space	   resolu+on	   l	   =	  L/l,	   this	  would	  be	   its	   asympto+c	  
limit	  for	  an	  infinite	  resolu+on.	  In	  order	  to	  characterize	  the	  scale	  by	  scale	  sta+s+cs	  of	  
the	   adractor,	   similarly	   to	   es+ma+ng	   the	   “trace	  moments”	   we	   can	   use	   a	   “par++on	  
func+on”	   approach	   to	   introduce	   the	   following	   family	   of	   measures	   indexed	   by	   q	  
(Hentschel	  and	  Procaccia,	  1983),	  (Grassberger,	  1983),	  (Halsey	  et	  al.,	  1986):	  
	  

µq λ( ) = Pi,λ
q

i=1

λd

∑
and	  	  with	  the	  corresponding	  scaling	  exponents	  	  

µq λ( )∝ l τ q( ) ∝λ−τ q( )

Box,	  informa+on,	  and	  correla+on	  
dimensions	  (2)	  

Pi,l	  =	  ni,l/N	  	  



The above suggests the definition: 1 

D q( ) = τ q( )
q −1

= 1
q −1

lim
l→0

logµq

log l
⎡
⎣⎢

⎤
⎦⎥
; l = L / λ

Box,	  informa+on,	  and	  correla+on	  
dimensions	  (3)	  

q	  =	  0:	  adopt	  the	  convention	  that	  for	  any	  x,	  	  x0	  	  =	  1	  if	  x>0,	  and	  x0	  =	  0	  if	  x	  =0.	  	  	  In	  this	  
case,	  µ0	  is	  simply	  the	  number	  of	  boxes	  needed	  to	  cover	  the	  set	  and	  τ(0)	  =	  -‐Dbox.	  	  

q	  =	  2:	   in	  each	  box,	  the	  number	  of	  points	  which	  are	  within	  a	  distance	   l	  of	  each	  
other	   is	   equal	   to	   the	   number	   of	   pairs	   in	   the	   box:	   	   (for	   large	   n	   and	   ignoring	  
constant	  factors).	   	  However	  we	  have	   	  so	  that	  we	  see	  that	  µ2	   is	  proportional	  to	  
the	   number	   of	   point	   pairs	   within	   a	   distance	   l,	   and	   hence	   τ(2)	   =	   Dcor	   (the	  
correlation	  dimension).	  
	  

Renyi	  
dimension	  



What about the value q = 1?  In this case, since the sum of the probabilities is unity, we 1 

have µ1 = Pi,λ = 1∑  so that we must use l’Hopital’s rule to evaluate the limit q->1.  We find: 2 

D 1( ) = lim
l→0

pi,λ
i=1

λd

∑ log pi,λ

log l

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

; l = L / λ

D(1)	  is	  thus	  the	  exponent	  of	  the	  informa+on	  Il:	   Iλ = pi,λ
i=1

λd

∑ log pi,λ

so	  that	  Il	  ≈lDI	  where	  the	  informa+on	  dimension	  DI	  =	  D(1).	  	  	  
Since	  we	  show	  that	  τ (q)	  =	  D(q-‐1)	  -‐K(q)	  	  so	  that	  the	  convexity	  of	  K(q)	  implies	  the	  concavity	  of	  τ(q)	  so	  that	  D(q)	  
is	  a	  monotonically	  decreasing	  func+on	  of	  q;	  we	  therefore	  have	  the	  hierarchy:	  Dbox	  ≤DI	  ≤	  Dcor.	  	  	  

Box,	  informa+on,	  and	  correla+on	  
dimensions	  (4)	  



Codimension	  and	  dimension	  mul+fractal	  formalisms	  

ελ = λγ Πλ = ελd
d x

Bλ
∫ = λ−αd

vol Bλ( ) = λ−dl = λ−1

Πλ = ελvol Bλ( ) = λγ−dαd = d − γ

Singulari+es	  

Probabili+es	  

Pr ελ = λγ( ) ≈ λ−c γ( )

Number Πλ = λ−αd( ) = λ− fd αd( )

Number = λd Pr
fd αd( ) = d − c γ( )

Sta+s+cal	  Moments	  

ελ
q = λK q( )

Πλ,i
q

i=1

λd

∑ = λ−τd q( )

Πλ,i
q

i=1

λd

∑ = λ−dελ( )q
i=1

λd

∑ = λd q−1( ) ελ
q = λK q( )−d q−1( )

τd αd( ) = d q −1( )− K q( )

Codimension	  (stochas+c)	   Dimension	  (determinis+c)	  

c γ( )↔
L .T .
K q( ); fd αd( )↔

L .T .
τ q( )

Πλ = Pλ

ελ = pλ

density	  

integral	  


