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Scale	
  Invariance	
  sets	
  
and	
  fields	
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Scale	
  invariant	
  geometric	
  sets:	
  Fractals	
  
	
  The	
  simplest	
  fractal,	
  the	
  Cantor	
  set	
  (1871)	
  

  Start	
  with:	
  

iterate: 	



X3	
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Sierpinski	
  Triangle	
  

1	
   2	
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A fractal Koch curve ([Koch, 
1904]), reproduced from 

[Welander, 1955] to illustrate the 
mixing of a two dimensional 

fluid. 

A fractal Peano curve, reproduced from 
[Steinhaus, 1960] showing how a line 

(dimension 1) can literally fill the plane 
(dimension 2), illustrating how streams 

can fill a surface. 

Set: Black / white, single fractal dimension	



Early	
  Geophysical	
  applica�ons	
  of	
  
Fractal	
  sets	
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Isotropic	
  Scale	
  Invariance	
  and	
  fractal	
  sets	
  

Fractal Dimension:

                              L  

d=dimension of space
D= fractal dimension of set

C=d-D= fractal codimension

Scale invariance:

Same form after zoom by factor λ.

n L( ) ∝ LD

ρ L( ) = n L( )
Ld =∝ LD− d = L−C

n λL( ) = λDn L( ) D=scale invariant	



Number	
  of	
  points	
  

Density	
  of	
  points	
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Meteorological	
  measuring	
  network	
  

L	



Fractal set: each point is a 
station	



9962 stations (WMO, 1986)	



Number	



n L( ) ∝ LD

Density	

 ρ L( ) = n L( )L−2 ∝ L−C ; C = d − D; d = 2
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The	
  fractal	
  
dimension	
  of	
  
the	
  network=	
  

1.75	
  

Slope=D=1.75	



Lovejoy et al 1986	
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(1)	
  Fractal	
  Codimensions:	
  
Geometric	
  

Let A ⊂ E  (the embedding space) with dim(E) = D  and dim(A) = DF (A) .  Then the  

codimension CF (A)  is defined as:  
CF (A) = D − DF (A)   

This definition corresponds merely to an extension of the (integer) codimension definition for  

vector sub-spaces, i.e., 1E  and 2E  being in direct sum (i.e., E1 ∩ E2 = ∅ ):   
E = E1 ⊕ E2   ⇒   codim(E1) = dim(E2 )   

Example:	
  E1=	
  line,	
  E2=	
  plane,	
  E=	
  3-­‐D	
  space	
  
	
  a	
  line	
  (DF(A)=1)	
  in	
  three	
  dimensional	
  space:	
  dim(E)=D=3,	
  hence:	
  CF(A)=3-­‐1=2	
  	
  

The notion of fractal codimension CF can be defined both statistically and geometrically. The 
former is more useful and general since it applies not only to deterministic but also to stochastic 
processes. 

�

E1	
  

E2	
  

E	
  

A	
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The codimension CF can be introduced directly.   

 Consider the (scaling) behaviour the probability (“Pr”) that a ball Bλ  (of size  = L / λ )  
intersects the set A is:  

Pr(Bλ ∩ A) ~ λ−CF A( )
  

where Bλ = ball of size and   = L / λ  and CF is thus directly defined as an exponent measure of  
the fraction of the space occupied by the fractal set A (size L) in an embedding space E which  
can even be an infinite dimensional space.  

(2)	
  Fractal	
  Codimensions:	
  
Probabilis�c	
  

Fractal	
  set	
  A	
  
Bλ	



L	
  
l

E=	
  embedding	
  space	
  	
  
λ = L / l
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Geometric	
  versus	
  probabilis�c	
  

Since the probability of the event (Bλ ∩ A)  is defined as:  

Pr Bλ ∩ A( )  ~ 
N Bλ ∩ A( )
N Bλ ∩E( )  ~ λ

DF A( )

λD E( )   

 where N Bλ ∩ A( )  refers to for example the number of balls Bλ needed to cover the set A and  

N Bλ ∩E( )  is the corresponding number for the entire space. It is easy to check that when  
CF (A) < D = dim(E) < ∞  the two definitions are equivalent:  
  

CF (A) ≤ D < ∞,   {definition 1 ≡  definition 2}  ∀ DF ≥ 0   

Number	
  of	
  balls	
  Bλ	
  needed	
  to	
  cover	
  A	
  

Number	
  of	
  balls	
  Bλ	
  needed	
  to	
  cover	
  E	
  

 �

However,	
  when	
  CF(A)>D,	
  then	
  they	
  no	
  longer	
  agree	
  since	
  it	
  implies	
  DF(A)<0	
  which	
  is	
  impossible.	
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Multifractal fields: 
Cascades and 
Multifractals 
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Mul�fractality	
  and	
  Func�onal	
  Box	
  
Coun�ng	
  

A

B C D

E F G

NT (L) ≈ −D(T )L

Box	
  coun�ng	
  low	
  threshold	
  
(large	
  D)	
  

Box	
  coun�ng	
  high	
  threshold	
  
(low	
  D)	
  

-Monofractal: D(T) <2, constant	


-Multifractal: D(T)<2, decreasing	
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Func�onal	
  box	
  coun�ng	
  on	
  French	
  
topography:	
  1	
  -­‐1000km	
  

11 003311 002211 001111 0000
110000

110011

110022

110033

110044

110055

110066

LL

NN((
LL))

N(L)  =  number  of  covering  boxes  for  exceedance  sets  at  various 
altitudes.	


 The dimensions d increase from 0.84 (3600m) to 1.92 (at 100m).	



3600m	



1800m	

 100m	



km	



NT(L)≈L-D(T)	


Multifractal: 

slopes vary with 
threshold	



Slope =2 	


(required  for 
c l a s s i c a l 
geostatistics  -
regularity  of 
L e b e s g u e 
measures)	



Systematic 
resolution 

dependence	

T	
  

The	
  areas	
  AT	
  exceeding	
  a	
  given	
  threshold	
  decrease	
  as	
  the	
  resolu�on	
  becomes	
  finer	
  (decreasing	
  	
  L):	
  	
  
	
  AT	
  =	
  LdNT	
  =	
  LC(T)	
  ;	
  	
  C(T)	
  =	
  d	
  -­‐	
  D(T)	
  
Unless	
  C(T)	
  =	
  0,	
  the	
  areas	
  depend	
  on	
  the	
  subjec�ve	
  resolu�on	
  L;	
  the	
  reference	
  lines	
  indicate	
  that	
  for	
  the	
  topography,	
  all	
  
the	
  regions	
  defined	
  by	
  the	
  thresholds	
  have	
  C(T)	
  =	
  d-­‐D(T)	
  >0	
  so	
  that	
  they	
  have	
  systema�c	
  resolu�on	
  dependencies.	
  	
  	
  

Implica�ons	
  for	
  geosta�s�cs:	
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Func�onal	
  Box	
  coun�ng	
  on	
  3D	
  radar	
  
rain	
  scans	
  

	



1100	

22	

1100	

11	

1100	

00	


L	



10	

 1	



10	

 2	



10	

 3	



10	

 4	


N(
L)
	



10	

1	


L	



10	

 1	



10	

 2	



10	

 3	



10	

 4	



10	

 5	



N(
L)
	



Radar  thresholds increasing (top to bottom) by factors of 
2.5 (data from Montreal). 	



NT (L) ≈ −D(T )L

Log10 N(L)	



Log10 L	



horizontal	



Vertical and 	


horizontal	



100km	

1km	

 1km	

 10km	



Classical geostatistics	



D=3	


D=2	



Increasing	
  Z	
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Aircra�	
  temperature	
  transect	
  	
  
(12km	
  al�tude)	
  

Turbulent 
�

gradient of the above�

1 σ	



(Far from Gaussian) 

ΔT = ϕΔxH

ϕ =
ΔT Δx = 1( )
ΔT Δx = 1( )ϕ

16.7  σ	
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 x	
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-	
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High to low 
�

degrading by 
�

km�

Degrading	
  the	
  resolu�on	
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Cascades	
  

D =
Log4

Log2
= 2 D =

Log3

Log2
= 1.58...
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Beta	
  model	
  

This	
  leads	
  to	
  a	
  confinement	
  of	
  the	
  turbulence	
  to	
  a	
  �ny	
  support;	
  a	
  very	
  small	
  subregion	
  of	
  the	
  flow.	
  	
  The	
  right	
  hand	
  
side	
  of	
  the	
  figure	
  shows	
  the	
  result	
  of	
  such	
  a	
  stochas�c	
  cascade	
  obtained	
  by	
  randomly	
  mul�plying	
  the	
  energy	
  flux	
  of	
  
a	
  “mother”	
  eddy	
  to	
  obtain	
  that	
  of	
  the	
  “daughter”	
  eddies	
  either	
  by	
  0	
  (dead	
  sub-­‐eddy)	
  or	
  by	
  a	
  posi�ve	
  value	
  
	
  	
  
(	
  corresponding	
  to	
  an	
  ac�ve	
  sub-­‐eddy,	
  with	
  fixed	
  probability	
  	
  	
  	
  	
  	
  .	
  	
  
	
  In	
  this	
  model,	
  we	
  divide	
  the	
  spa�al	
  scales	
  by	
  	
  λ0	
  (here	
  λ0	
  =	
  2)	
  and	
  then	
  flip	
  coins	
  to	
  determine	
  the	
  on	
  or	
  off	
  
state;	
  more	
  precisely:	
  	
  	
  

	
  	
  
	
  Pr µε = λ0
c( ) = λ0

−c

Pr µε = 0( ) = 1− λ0−c

(“Pr”	
  indicates	
  “probability”).	
  	
  The	
  nonzero	
  value	
  is	
  taken	
  as	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  so	
  that	
  the	
  mean	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ;	
  
this	
  implies	
  a	
  scale	
  by	
  scale	
  conserva�on	
  of	
  the	
  flux	
  ε.	
  	
  

D =
Log4

Log2
= 2 D =

Log3

Log2
= 1.58...

λ0
c

λ0
−c

µε = λ0
c µε = 1

An initial attempt to handle intermittency 

�

A�er	
  n	
  steps:	
  	
   Pr(alive) = λ0
−c( )n = λ−c Nalive = Ntot Pr = λdλ−c = λD; D = d − cRela�on	
  to	
  dimension:	
  

εn = µε j
j=1

n

∏

Each	
  step:	
  

A�er	
  n	
  steps:	
  

λ = λ0
n
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Beta	
  model	
  

In	
   this	
   example,	
   the	
  
probability	
   that	
   an	
  
eddy	
  will	
  remain	
  alive	
  
is	
   λ0

-­‐C	
   =0.87	
   (using	
  
the	
  scale	
  ra�o	
  at	
  each	
  
step	
  λ0	
   =	
   4	
   here	
   and	
  
the	
   codimension	
   C	
   =	
  
0.2).	
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Alpha	
  model	
  

�

Pr µε = λ0
γ +( ) = λ0

−c

Pr µε = λ0
γ −( ) = 1− λ0−c

Although	
  the	
  α	
  model	
  apparently	
  involves	
  three	
  parameters	
  (γ+,	
  γ-­‐,	
  c),	
  due	
  to	
  the	
  
conserva�on	
  constraint:	
  

µε = λ0
−cλ0

γ + + 1− λ0
−c( )λ0γ − = 1

The	
  α	
  model	
  is	
  a	
  two	
  state	
  (binomial)	
  process	
  with µε	
  =	
  either	
  λ0
γ+	
  or	
  λ0

γ-	
  where	
  γ+>0	
  
corresponds	
  to	
  a	
  boost	
  (µε>1)	
  and	
  γ-­‐	
  to	
  a	
  decrease	
  (µε<1)	
  .	
  	
  

γ + → c
γ − → −∞

We	
  can	
  see	
  that	
  the	
  β	
  model	
  is	
  
recovered	
  in	
  the	
  limit	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
which	
  is	
  the	
  same	
  as	
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ε0� ε1�

The α model�
Simula�ons:	
  mul�plica�ve	
  introduc�on	
  of	
  small	
  scale	
  details	
  	
  

(low	
  resolu�on	
  to	
  high)	
  

“boost”	
  

“decrease”	
  

S+L	
  1983	
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Alpha	
  model	
  

From	
  top	
  to	
  bo�om	
  every	
  second	
  cascade	
  step	
  is	
  shown	
  (a	
  factor	
  of	
  λ0
2)	
  is	
  shown,	
  10	
  

steps	
  in	
  all,	
  the	
  total	
  range	
  of	
  scales	
  is	
  210	
  =	
  1024).	
  	
  No�ce	
  the	
  changing	
  ver�cal	
  scales	
  	
  

γ+ = 0.2, c = 0.3 (C1 = 0.087)� γ+ = 1.1, c = 1.2 (C1 = 0.82)�
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2-­‐D	
  
Alpha	
  
model	
  	
  

β	
  model	
  	
   α	
  model	
  	
  
log	
  	
  

universal	
  mul�fractal	
  

log	
  

c	
  =0.1	
  

c	
  =0.2	
  

c	
  =0.3	
  

c	
  =0.4	
  

c	
  =0.5	
  

γ+ = c - 0.09 �

�

0.00050	
  

0.037	
  

0.098	
  

0.170	
  

C1=K’(1)	
  

(0.069, �
 1.06)�

-13,�
 6.36)�

-22,�
�

-30, �
�

-37,�
 76.80)�
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General	
  cascade	
  sta�s�cs	
  

µε K(q) 

number n �

Overall	
   scale	
   ra�o	
   since	
  
the	
  cascade	
  started:	
  
	
  
	
  

We	
  can	
  now	
  write	
  the	
  general	
  expression	
  for	
  the	
  sta�s�cal	
  proper�es	
  a�er	
  a	
  total	
  
scale	
  range	
  λ:	
  

This	
   is	
   the	
  basic	
   formula	
  for	
  cascade	
  sta�s�cs.	
  The	
  specifica�on	
  of	
  the	
  sta�s�cs	
  of	
  µε,	
  
and	
   hence	
   of	
   ελ	
   via	
   sta�s�cal	
   moments	
   is	
   equivalent	
   to	
   their	
   specifica�on	
   by	
  
probabili�es.	
  

εn
q = µε j

q

j=1

n

∏ = µε j
q =

j=1

n

∏ µεq
n
= λ0

nK q( )

λ = λ0
nελ

q = λK q( )

µεq = λ0
K q( )Characterize	
  the	
  sta�s�cs	
  of	
  µε	
  by	
  K(q):	
  

The	
  nota�on	
  “µ”	
   indica�ng	
  “mul�plica�ve	
  increment”;	
   it	
   is	
  
analogous	
   to	
   the	
   use	
   of	
   the	
   “Δ”	
   to	
   denote	
   an	
   addi�ve	
  
increment.	
  �

Scale	
  ra�o	
  of	
  each	
  cascade	
  step	
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The	
  cascade	
  generator:	
  Γ	



Introducing	
  the	
  	
  (random)	
  cascade	
  “generator”	
  Γ,	
  the	
  logarithm	
  of	
  the	
  mul�plier:	
  	
  

K q( ) = Logλ0 µεq = Log µεq / Logλ0

= Log µεq
n
/ Log λ0( )n = Log ελ

q / Logλ

Γ = Logελ
K(q)	
  is	
  is	
  the	
  (Laplace,	
  base	
  λ0)	
  second	
  characteris�c	
  func�on	
  (“cumulant	
  genera�ng	
  
func�on”)	
  of	
  Γ:	
  

K q( ) = logλ eqΓ

The	
   overall	
   characteriza�on	
   of	
   the	
   sta�s�cal	
   proper�es	
   is	
   conveniently	
   through	
   the	
  
“moment	
  scaling	
  exponent”	
  K(q): �
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Examples	
  of	
  second	
  characteris�c	
  
Func�ons	
  

eqx = 1
σ 2π

eqxe− x
2 / 2σ2( ) dx = eq

2σ2 /2

−∞

∞

∫

K q( ) = log eqx = q
2σ2

2

p(x)	
  

Base	
  e	
  Laplace	
  characteris�c	
  func�on	
  

p x( ) = 1
2
e− x

K q( ) = − log 1− q( ) − log 1+ q( ); −1≤ q ≤1

Ex.1	
  Gaussian	
  

Ex.2	
  Exponen�al:	
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Proper�es	
  of	
  the	
  Moment	
  scaling	
  
exponent	
  K(q)	
  

1)  In	
  order	
  to	
  see	
  the	
  general	
  shape	
  of	
  the	
  K(q)	
  func�on,	
  we	
  may	
  first	
  note	
  that	
  conserva�on	
  
from	
  one	
  scale	
  to	
  another	
  	
  requires	
  K(1)	
  =	
  0:	
  

	
  	
  
	
  
2)	
  In	
  addi�on,	
  because	
  any	
  posi�ve	
  number	
  raised	
  to	
  the	
  zero	
  power	
  is	
  one,	
  we	
  have	
  <1>	
  =	
  1,	
  
hence	
  K(0)	
  =	
  0.	
  	
  
	
  	
  
3)	
  Finally,	
  a	
  basic	
  property	
  of	
  second	
  characteris�c	
  func�ons	
  is	
  that	
  K(q)	
  must	
  be	
  convex,	
  i.e.	
  
K’’(q)>0;	
  this	
  can	
  be	
  shown	
  directly	
  by	
  doubly	
  differen�a�ng	
  K(q)	
  =	
  log<eqΓ>/logλ.	
  	
  	
  

We	
  can	
  already	
  use	
  this	
  idea	
  to	
  give	
  a	
  “local”	
  (in	
  q	
  space)	
  defini�on	
  of	
  the	
  “degree	
  of	
  
mul�fractality”	
  α:	
  
	
  

α = ′′K 1( ) / ′K 1( )

	
  C1	
  =	
  “the	
  codimension	
  of	
  the	
  mean”;	
  a	
  characteriza�on	
  of	
  the	
  variability	
  near	
  the	
  mean	
  

C1=	
  K’(1)	
  

Curvature	
  near	
  the	
  mean	
  

tangent	
  at	
  the	
  mean	
  

ελ = 1= λ0

ελ
0 = 1= λ0

The	
   typical	
  K(q)	
   looks	
   something	
   like	
   the	
  next	
   slide	
  which	
   shows	
   the	
  K(q)	
   for	
   the	
  α	
  
model	
   and	
   the	
  universal	
  mul�fractal	
  models	
   in	
   the	
   fourth	
   and	
  fi�h	
   columns	
  of	
   the	
  
earlier	
   example.	
   	
   The	
   models	
   are	
   tangent	
   to	
   each	
   other	
   at	
   q	
   =1	
   because	
   the	
  
deriva�ves	
  at	
  q	
  =	
  1	
  were	
  deliberately	
  chosen	
  to	
  be	
  equal	
  to	
  each	
  other.	
  	
  This	
  value:	
  

K 1( ) = Logλ ελ = Logλ1= 0hence	
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Comparison	
  of	
  the	
  K(q)	
  for	
  
examples	
  

α	
  model	
  (blue	
  
c	
  =	
  0.2,	
  γ+	
  =	
  
0.11	
  (2nd	
  row	
  
from	
  top)	
  

Universal	
  
mul�fractal	
  
model	
  (α	
  =	
  1.8	
  
C1	
  =	
  0.037)	
  

β Model with c = C1�

C1	
  =	
  K’(1)	
  
α=	
  K’’(1)/K’(1)	
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Universality:	
  How	
  many	
  
parameters	
  for	
  turbulence?	
  

  

Table 3.1: How many parameters for turbulence?  

Answer Date References Explanation Parameters 

1 1941 Kolmogorov 
(Homogeneous turbulence) 

Δvλ ≈ ε1/3λ−1/3
 

H=1/3 

2 1962 Kolmogorov-Obukhov, 
(lognormal model) ελ

q = λK q( )

K(q) = µ
2
(q2 − q)

 

H ,µ  

2 1964 Novikov-Stewart, 
Mandelbrot, Frisch et al, β 
model 

K(q) = C1(q −1)  H ,C1  

∞  1974 (Mandelbrot, 1974) K(q)  Any K(q) convex 
with  K(0)=K(1)=0 
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Routes	
  to	
  universality:	
  
1)	
  Densifica�on	
  of	
  scales	
  	
  

Discrete	
  in	
  scale	
  
(ex.	
  β,	
  α	
  models)	
  

Con�nuous	
  in	
  
scale	
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Routes	
  to	
  universality:	
  
2)	
  “Mixing”	
  of	
  independent	
  discrete	
  

cascades	
  

X	
   X	
  

ε = ε i
aNi=1

N

∏⎛⎝⎜
⎞
⎠⎟

1/bN
N	
  independent	
  cascades,	
  
renormalized	
  by	
  aN,	
  bN	
  

ε2	
  ε1	
   ε3	
  

X…	
  

Γ = 1
bN

Γ i − logaN( )
i=1

N

∑For	
  the	
  generators	
   Γ = logε Normalized,	
  centred	
  sums	
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Universality	
  in	
  cascades:	
  	
  
a	
  “mul�plica�ve	
  central	
  limit	
  theorem”	
  	
  

Cascade	
  convergence:	
  	
  <µε>	
  =1	
  hence	
  <eΔΓ>	
  =1	
  
	
  	
  
Central	
  limit	
  convergence:	
  <ΔΓ>	
  =	
  0	
  ,	
  hence	
  <logµε>	
  =	
  0	
  	
  

Recall:	
  
ΔΓ	
  =	
  logµε	



Technical	
   difficulty:	
   the	
   cascade	
   requires	
   a	
   scale	
   by	
   scale	
   conserva�on	
  
principle,	
  otherwise	
  there	
  are	
  no	
  well	
  defined	
  small	
  scale	
  cascade	
  limits,	
  and	
  it	
  
turns	
   out	
   that	
   this	
   normaliza�on	
   is	
   in	
   contradic�on	
   with	
   the	
   normaliza�on	
  
required	
  for	
  central	
  limit	
  convergence.	
  	
  

However,	
   due	
   to	
   the	
   convexity	
   of	
   the	
   logarithm	
   func�on,	
   for	
   any	
   probability	
  
distribu�on	
  of	
  µε	
   	
  which	
   is	
  constrained	
  such	
  that	
  <µε>	
  =1,	
   	
  we	
  have	
  necessarily	
  
<ΔΓ	
  >	
  =	
  <logµε><0	
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Levy	
  Generators	
  (2)	
  
The	
  final	
  normaliza�on	
  step	
  needed	
  for	
  small	
  scale	
  convergence	
  (analogous	
  to	
  
the	
  log-­‐normal	
  deriva�on:	
  K(q)-­‐>K(q)-­‐qK(1))	
  leads	
  to:	
  	
  

K q( ) = C1
α −1

qα − q( ); 0 ≤α ≤ 2

(for	
  α=	
  1,	
  using	
  l’Hôpital’s	
  rule	
  for	
  the	
  limit	
  α-­‐>1,	
  	
  we	
  have	
  C1qlogq).	
  	
  

Note	
  that	
  when	
  α<2,	
  and	
  q<0,	
  then	
  ;	
  this	
  is	
  a	
  consequence	
  of	
  the	
  extreme	
  Lévy	
  tail	
  
on	
   the	
   nega�ve	
   (but	
   not	
   posi�ve)	
   fluctua�ons	
   of	
   logε.	
   	
   The	
   possibility	
   (even	
  
likelihood)	
  of:	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
for	
   q<0	
   means	
   that	
   extreme	
   cau�on	
   should	
   be	
   used	
   when	
   analysing	
   nega�ve	
  
moments	
  of	
  empirical	
  data.	
  	
  

ελ
q →∞

′K 1( ) = Aα α −1( ) = C1
′′K 1( ) = Aαα α −1( ) = α ′K 1( ) = αC1

Hence:	
  

The	
   local	
   (near	
   the	
   mean)	
  
curvature	
   characteriza�on	
   is	
  
sa�sfied:	
  
K’(1)	
  =	
  C1,	
  	
  α	
  =	
  K’’(1)/K’(1)	
  	
  
It	
  is	
  global.	
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K(q)	
  for	
  universal	
  mul�fractals	
  

Universal	
  K(q)/C1	
  as	
  a	
  func�on	
  of	
  q,	
  	
  for	
  different	
  a	
  values	
  from	
  0	
  	
  to	
  2	
  
by	
  increments	
  of	
  Δα	
  	
  =	
  	
  0.2.	
  	
  

K q( ) /C1 = qα − q( ) / α −1( )
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Data Analysis 
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Fluctua�on	
  sta�s�cs	
  and	
  structure	
  
func�ons	
  

ΔT = ϕΔtΔt
H

The	
  space-­‐�me	
  variability	
  of	
  natural	
  systems,	
  can	
  o�en	
  be	
  broken	
  up	
   into	
  various	
  
“scaling	
   ranges”	
   over	
   which	
   the	
   fluctua�ons	
   vary	
   in	
   a	
   power	
   law	
   manner	
   with	
  
respect	
  to	
  scale.	
  	
  Over	
  these	
  ranges,	
  the	
  fluctua�ons	
  follow	
  	
  

The	
  flux	
  at	
  resolu�on	
  Δt	
  

(generalized,	
  qth	
  order)	
  Structure	
  func�on	
  

Sq Δt( ) = ΔT Δt( )q = ϕΔt
q Δt qH ≈ Δt ξ q( ); ϕΔt

q = τ
Δt

⎛
⎝⎜

⎞
⎠⎟
K q( )
; ξ q( ) = qH − K q( )

With	
  universality:	
  	
    K q( ) = C1
α −1

qα − q( )
Hence,	
  we	
  seek	
  H,	
  K(q)	
  

i.e.	
  we	
  seek	
  H,	
  C1,	
  α	



Using	
  Fluctua�ons:	
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Classical	
  structure	
  func�ons	
  

1

2

3

4

1

2

3

4

1

2

3

4 Log
10

S ( x )

10
Log x

Log
10

S ( x )

4 km 40 km 4 km 40 km

0 1 2 3 0 1 2 3

0 1 2 3

10
Log x

Temperature	
  (Upper	
  le�),	
  
humidity	
  (upper	
  right),	
  log	
  
poten�al	
  temperature	
  (lower	
  
le�)	
  

The	
  structure	
  func�ons	
  of	
  order	
  q	
  =	
  0.2,	
  0.4,	
  …,	
  1.8,	
  2.0	
  are	
  shown	
  (from	
  bo�om	
  to	
  top).	
  All	
  have	
  been	
  nondimensionalized	
  by	
  dividing	
  by	
  
the	
  absolute	
  mean	
  first	
  difference	
  at	
  the	
  finest	
  scale	
  (280	
  m)	
  

Aircra�	
  structure	
  func�on	
  es�mates	
  

1000km	
  10km	
   (km)	
  

T	
  

h	
  

logθ	


Fluctua�ons	
  as	
  differences	
  

Slopes	
  =	
  ξ(q)	
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1 2 3 4
q

0.5

1.0

1.5

( q)

T

Log
h

The	
  structure	
  func�on	
  exponents	
  for	
  T,	
  logθ,	
  h	
  from	
  the	
  aircra�	
  data	
  analysed	
  in	
  the	
  previous	
  slide.	
  	
  
The	
  exponents	
  were	
  es�mated	
  by	
  fi�ng	
  the	
  structure	
  func�ons	
  over	
  the	
  “op�mal”	
  range	
  4	
  –	
  40	
  km.	
  

ξ’(1)=H-­‐C1	
  

ξ(1)=H	
  

ξ’’(1)	
  =	
  -­‐αC1	
  

ξ q( ) = qH − K q( ) = qH − C1
α −1

qα − q( )

ξ(q)	
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Difference,	
  Tendency,	
  Haar	
  fluctua�ons	
  

Haar:	
  

Tendency:	
  

Differences:	
   The difference in temperature between t and t+Δt   

The average of the temperature (with overall mean 
removed) between t and t+Δt   

The difference between the average of the temperature 
from t and t+Δt/2 and from  t+Δt/2  and t+Δt    

When 1 > H > 0: Haar ≈ difference 
When 0 > H > -1: Haar ≈ tendency 

Rela�ons:	
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Fluctua�ons	
  and	
  wavelets	
  

Ψ(x
�

ΔT Δt( ) = 1
Δt

T ′t( )∫ Ψ t − ′t
Δt

⎛
⎝⎜

⎞
⎠⎟ d ′t

  

ΔT( )Haar =
2
Δt

T ′t( )d ′t
t

t+Δt /2

∫ − T ′t( )d ′t
t+Δt /2

t+Δt

∫
⎡

⎣
⎢

⎤

⎦
⎥ Ψ t( ) =

1/ 2; 0 ≤ t <1/ 2

−1/ 2; −1/ 2 ≤ t < 0

0; otherwise

Haar	
  

ΔT( )tend =
1
Δt

′T ′t( )d ′t ;
t

t+Δt

∫ ′T t( ) = T t( ) −T t( ) Ψ t( ) = I −1/2,1/2[ ] t( ) −
I −τ/2,τ/2[ ] t( )

τ
; τ >>1

I	
  is	
  the	
  indicator	
  func�on	
  

I a,b[ ] t( ) = 1 a ≤ t ≤ b
0 otherwise

Tendency	
  /	
  Anomaly	
  

Ψ t( ) = δ t −1/ 2( ) − δ t +1/ 2( )ΔT( )diff = T t + Δt / 2( ) −T t − Δt / 2( )
Difference	
  

ΔT( )Haar = Δ ΔT( )tend( )diffRela�on	
  between	
  them:	
  

mother	
  wavelet	
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x( )

x

(t)	
  

t	
  

τ	
  

1-1/τ	
  

Haar	
  

Poor	
  Man’s	
  

Tendency	
  

1/τ	
  

Haar,	
  tendency	
  and	
  
poor	
  man’s	
  wavelets	
  	
  

ΔT Δt( ) = 1
Δt

T ′t( )Ψ ′t − t
Δt

⎛
⎝⎜

⎞
⎠⎟ d ′t∫
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Spectrum	
  of	
  fluctua�ons	
  

ΔT Δt( ) = 1
Δt

T ′t( )Ψ ′t − t
Δt

⎛
⎝⎜

⎞
⎠⎟ d ′t∫

ΔT ωΔt( ) = T ω( )Ψ ω( )

ΔT ωΔt( ) 2 = T ω( ) 2 Ψ ω( )
2

Fluctua�ons:	
  

Fourier	
  transforms	
  

Ensemble	
  averaging	
  
of	
  modulus	
  
squared:	
  

EΔT ωΔt( ) = ET ω( ) Ψ ω( )
2

Spectra	
  

If	
  the	
  maximum	
  of	
  	
   Ψ ω( )
2

Occurs	
  at	
  ωm,	
  then	
  the	
  maximum	
  in	
  EΔT	
  may	
  be	
  near	
  ωmΔt	
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-�1.0 �
1.0� 2.0 �

-�
-�
-�
-�
-�
-�

6 �
5 �
4 �
3 �
2 �
1 �

 
Log10 Ψ

2

ω0	
  

ω2	
  

ω2	
  

ω0	
  

ω-­‐2	
  

ω-­‐2	
  

Log10ω
difference	
  

tendency	
  
Haar	
  

Ψ Haar = Ψ diff Ψ tend

ΨHaar = Ψdiff ∗Ψ tend Real	
  space	
  (convolu�on)	
  

Fourier	
  space	
  (product)	
  

Maximum	
  of	
  Haar	
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Convergence	
  of	
  fluctua�on	
  variance	
  

 
EΔT ωΔt( ) = ET ω( ) Ψ ω( )

2

 

Ψ ω( )
2
≈

ω2Hlow ; ω→ 0
ω2Hhigh ; ω→∞

ET ω( ) ≈ ω− 1+2 ′H( )

ΔT 2 = EΔT ω( )dω
−∞

∞

∫ Converges	
  only	
  if:	
   Hlow > ′H > Hhigh

Spectra	
  

For	
  scaling	
  processes	
  

Parseval’s	
  theorem	
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!
!! !

Name Wavelet Frequency(domain low$ωω  high$  ωω H’!range!

Poor$
man’s& 
(first'
difference) 

δ t −1/ 2( ) − δ t +1/ 2( )  2sin ω / 2( )  ≈"ω ≈0 0≤H’≤1!

2
nd
!

difference 

1
2

δ t +1/ 2( ) + δ t −1/ 2( )( ) − δ t( )  sin2 ω / 4( )  ≈" ω
!2
 ≈0 0≤H’≤1!

Tendency 
I −1/2,1/2[ ] t( ) −

I −τ/2,τ/2[ ] t( )
τ

; τ >>1   
2
ω
sin ω

2
⎛
⎝⎜

⎞
⎠⎟ − τ

−1 sin ωτ
2

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟
 

2sin ωτ
2

⎛
⎝⎜

⎞
⎠⎟

ωτ
≈ 0; ωτ >>1

 
≈ ω

!"1
 "1≤H’≤0!

Haar 
ψ t( ) =

1/ 2;
−1/ 2;
0;

0 ≤ t <1/ 2
−1/ 2 ≤ t < 0
otherwise

 
2iω−1 sin2 ω

4
⎛
⎝⎜

⎞
⎠⎟  ≈ ω ≈ ω

!"1
 "1≤H’≤1!

Quadratic)
Haar 

ψ t( ) =
−1/ 3
2 / 3;
−1/ 3;
0;

1 / 3< t <1
−1/ 3≤ t ≤1/ 3
−1≤ t < −1/ 3
otherwise

 

2
3ω

3sinω
3
− sinω⎛

⎝⎜
⎞
⎠⎟  ≈ ω

!2
 ≈ ω

!"1
 "1≤H’≤2!

First&
derivative(
Gaussian!

Ψ t( )∝ d
dt
e− t

2 /2  ωe−ω
2 /2

 
≈ω e−ω

2 /2  −∞≤H’≤1!

Mexican(
Hat 

Ψ t( )∝ d 2

dt2
e− t

2 /2  ω2e−ω
2 /2  ≈ω

2
 e−ω

2 /2  −∞≤H’≤2 

Various	
  wavelets	
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Sta�s�c	
   Range	
  of	
  H	
   Range	
  of	
  ββ	
   Comment	
  

Spectrum	
  
	
  

Difference	
   0<H<1	
   1<β+K(2)<3	
   “Poor	
  man’s	
  wavelet”	
  

Tendency	
  Fluctua�on	
   -­‐1<H<0	
   -­‐1<β+K(2)<1	
   Average	
  with	
  overall	
  mean	
  
removed	
  (standard	
  
devia�on=	
  “Climactogram”,	
  
also	
  called	
  the	
  “Aggregated	
  
Standard	
  Devia�on”)	
  
	
  

Haar	
   -­‐1<H<1	
   -­‐1<β+K(2)<3	
   Difference	
  of	
  means	
  of	
  first	
  
and	
  second	
  halves	
  of	
  
interval	
  

Detrended	
  Fluctua�on	
  
Analysis	
  (DFA,	
  polynomial	
  

order	
  n	
  

-­‐1<H<(n+1)	
  
	
  

-­‐1<β+K(2)<3+2n	
  
	
  

Also	
  mul�fractal	
  extension	
  
(MFDFA),	
  usually	
  linear:	
  n=1,	
  
Not	
  a	
  wavelet	
  

Mexican	
  Hat	
  Wavelet	
   2nd	
  Deriva�ve	
  of	
  a	
  Gaussian	
  

Generalized	
  Haar	
   -­‐m<H<n	
   1-­‐2m<β+K(2)<3+2n	
   Interpreta�on	
  not	
  simple	
  

−∞ < H < ∞ E ω( ) ≈ ω−β

β = 1+ 2H − K 2( )

−∞ < β < ∞

Multifractal 
“correction” 

Simple 
interpretation 

Range of exponents over which average fluctuations at scale Δt corresponds to frequency 1/Δt 

ΔI = ϕ Δt H
�Fluctuation  

E ω( ) = I ω( ) 2 = ω−β

−∞ < H < 2 −∞ < β + K 2( ) < 5

H ' = H − K(2) / 2
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�
1 hour- 109 1976 (grey, bottom) 

with modern data�

10-­‐10	
  

1	
  

10-­‐5	
  

105	
  
Lo

g 1
0E

(ω
)	
  

K2
yr

	
  

104	
  102	
  10-­‐2	
  10-­‐5	
  10-­‐6	
  10-­‐9	
   Log10ω	
  (yr)-­‐1	
  

m
ac

ro
cl

im
at

e	
  
β 

= 
 -0

.6
 

β =  0.8 

megaclimate	
   macroweather	
   weather	
  

β = 1.8 

β = 1.8 

β = 1.8 

β =  0.2 

climate	
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0.4 

102 

Log10Δt (yrs) 

Lo
g 1

0<
ΔT

2 >
1/

2 
(K

) 

5 K 

0.2 K 

10 K 

20 K 

10 

0.5 K 

Veizer	
  

Zachos	
  	
  

Epica  

105 104 108 106 107 109 103 10-2 10-1 10-3 0-4 

-0.4 
20CR 75oN  
2ox2o grid 

Hourly 
Station 
scale 
45oN  

weather climate macroweather megaclimate m
ac

ro
cl

im
at

e 

0.4 
Huybers	
  

-0.8 

0.4 

Composite 
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50� 100� 150�

3�

2�

1�

-�

-�

-�

0�

1�

2�

Megaclimate	
  
Zachos:	
  0-­‐67	
  Myrs	
  (370	
  kyr)	
  

Macroclimate	
  
Huybers:	
  0-­‐2.56	
  Myrs	
  (14	
  kyrs)	
  

Climate	
  
Epica:	
  25-­‐97	
  BP	
  kyrs	
  (400	
  yrs)	
  

Macroweather	
  
Berkeley:	
  1880-­‐1895	
  AD	
  (1	
  month)	
  

Weather	
  
Lander	
  Wy.:	
  July	
  4-­‐July	
  11,	
  2005	
  (1	
  hour)	
  

T/
ΔT

m
ax

	
  

Megaclimate	
  
Veizer:	
  290	
  Mys	
  -­‐	
  511Myrs	
  BP	
  (1.23Myr)	
  

t	
  

ΔT Δt( ) ∝ Δt H

H	
  ≈	
  0.4	
  

H	
  ≈	
  -­‐0.8	
  

H	
  ≈	
  0.4	
  

H	
  ≈	
  -­‐	
  0.4	
  

H	
  ≈	
  0.4	
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Understanding	
  the	
  Fluctua�on	
  
exponent	
  H	
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The	
  fractal	
  H	
  model	
  

ΔT 

Δt 

“motif”= 
1st iteration 

2nd iteration 

(Lovejoy	
  2013)	
  

Random sign 

(1/2) x Δt 
 

±(1/2)H  x ΔT 
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Fluctuations decrease 
with scale 

H = 0.4 H = -0.4 
+ 

+ 

+ 
+ 

+ 

+ + 

+ + 

+ + 
+ 

+ 

= 
= 

Fluctuations increase 
with scale 

Weather and climate Macroweather, macroclimate 

S
ca

le
 in

cr
ea

si
ng

 

+ 

Course at U. Paris Sud, May 6, 7 2014




