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Spectral	
  analysis	
  

R Δt( ) = T t( )T t − Δt( )
S Δt( ) = T t( ) −T t − Δt( )( )2 = ΔT Δt( )2

S Δt( ) = 2 R 0( ) − R Δt( )( )

R 0( ) = E ω( )
0

∞

∫ dω

S Δt( ) = 2 1− eiωΔt( )E ω( )
0

∞

∫ dω

Spectral	
  analysis	
  
(spectrum	
  E(ω))	
  

autocorrela�on	
  

Classical	
  (q=2)	
  structure	
  func�on	
  

Rela�on	
  between	
  them	
  

T ω( )T ∗ ′ω( ) = δ ω + ′ω( )E ω( ); T ω( ) = T t( )e−iωt dt
−∞

∞

∫

R Δt( ) = E ω( )
−∞

∞

∫ eiωΔtdωWiener-­‐Khintchine	
  theorem	
  

Real	
  space-­‐	
  
Fourier	
  space	
  rela�on	
  

 
E ω( ) ∝ T ω( )

2

 T
 ω( ) = T∗

−ω( ) hence	
  Note:	
  for	
  real	
  T(t),	
  we	
  have:	
  

Sta�s�cs	
  independent	
  of	
  �me	
  (sta�onarity)	
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Tauberian	
  
theorem	
  

	
  	
  
For	
  convergence	
  of	
  the	
  integral:	
  1<β<3	
  (0≤H’≤1)	
  	
  for	
  S(Δt),	
  1>β>-1;	
  for	
  R(Δt)	
  (-­‐1/2<H’<0)	
  
	
  

POWER	
  LAWS	
  <-­‐>F.T.	
  POWER	
  LAWS	
  
We	
  conclude:	
  
	
  

If  the spectrum is of power 
law form:	



E ω( ) ≈ ω−β

ω = ′ω / λ

E ω / λ( ) = λβE ω( )

S Δt( ) = 2 1− ei ′ω Δt /λ( )λ−βE ′ω / λ( )
−∞

∞

∫
d ′ω
λ

S Δt( ) ≈ Δt2 ′H ; ′H = β −1( ) / 2

Then:	
  

Using:	
  

Hence:	
  

S λΔt( ) = 2 1− ei ′ω Δt( )E ′ω( )
−∞

∞

∫ λ−1+βd ′ω = λ−1+βS Δt( )
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Empirical	
  analysis:	
  Es�ma�ng	
  fluxes	
  
from	
  the	
  fluctua�ons	
  

Mul�fractal	
  cascade	
  equa�on:	
   ϕλ
q = λK q( )

Es�ma�ng	
  the	
  fluxes	
  
from	
  the	
  fluctua�ons	
  

Es�mate	
  at	
  finest	
  resolu�on,	
  
then	
  degrade	
  to	
  
intermediate	
  resolu�ons	
  by	
  
averaging	
  

ΔT = ϕΔtΔt
H

′ϕλ =
ϕλ

ϕλ

≈
ΔT Δt( )
ΔT Δt( ) ; λ = τ

Δt

Fluctua�ons:	
  

Normalized	
  flux	
  at	
  resolu�on	
  λ	



Mq = ′ϕλ
q

outer	
  
cascade	
  
scale	
  

“Trace	
  moments”	
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Mq ≈ λK q( )

q=2	
  

q=1.5	
  

q=2	
  

q=1.5	
  

q=2	
  

q=1.5	
  

q=2	
  

q=1.5	
  

14500km	
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   14500km	
  

145km	
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Cascades	
  horizontal	
  
20CR	
  45oN,	
  zonal	
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Energy	
  
budget	
  

 

 

Energy	
  source	
  

Energy	
  sink	
  

TRMM	
  satellite	
  data,	
  ≈1000	
  
orbits	
  

Visible	
  

thermal	
  IR	
  

q=2	
  

q=1.6	
  

q=1.2	
  

q<1	
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Horizontal	
  
cascades	
  from	
  24	
  
aircra�	
  legs	
  
(11-­‐13km)	
  

Temperature	
   humidity	
  

Log	
  poten�al	
  
temperature	
  

Fields that are relatively unaffected by the trajectories	



Aircra�	
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Ver�cal	
  cascades:	
  	
  
lidar	
  backsca�er	
  

Log	
  10	
  M	
  

Log	
  
10	
  λ	
  

1	
   2	
   3	
   4	
   5	
  

0.2	
  

0.4	
  

0.6	
  

0.8	
  

20000km	
  
200m	
  

q=2	
  

Horizontal	
  cascade	
  

-­‐	
  0.5	
   0.5	
   1	
   1.5	
   2	
   2.5	
   3	
  

0.2	
  

0.4	
  

0.6	
  

Log	
  10	
  M	
  

Log	
   10	
  λ	
  10km	
  
12m	
  

Ver�cal	
  cascade	
  

q=0,	
  0.2,	
  0.4…,	
  2	
  

From	
  10	
  airborne	
  lidar	
  cross-­‐sec�ons	
  near	
  Vancouver	
  B.C.	
  

M = δ Iλ
q / δ I1

q

q=1.6	
  

q=1	
  

q=0.4	
  

q=2	
  

q=1.6	
  

q=1	
  

q=0.4	
  

C1=0.11	
  
C1=0.076	
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Global GEMS 
Model 00h 

q=2.8 

q=2 

q=0.4 

U 

T q=2.8 

q=2 

q=0.4 

(48 h forecasts are 
almost the same) 

Analysis of four months 
U,T at 1000 mb  

20,000 km 100	
  km	
  

Stolle, L+S, 2010 

Horizontal wind 

Temperature 

M = ϕλ
q
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Mq ≈ λK q( ) q=2.18	
  

q=1.77	
  

20000km	
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Topography	
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q=1.17	
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Lower	
  Saxony	
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Horizontal	
  spa�al	
  Scaling	
  exponents	
  

K q( ) = C1
α −1

qα − q( )ϕλ
q = λK q( ) λ = Leff / Δx E k( ) ≈ k−βΔI = ϕΔxH
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Surface,	
  solid	
  earth	
  exponents	
  

! C1! αα  H!! ββ  
Rock!Density!
(vertical)!

0.045% 2.0% 0.08% 1.07%

Magnetic!
susceptibility!
(vertical)!

0.11% 2.0% 0.17% 1.12%

Topography! 0.12% 1.8% 0.7% 2.1%
Vegetation!
index!

0.064% 2.0% 0.16% 1.19%

Soil!moisture!
index!

0.053% 2.0% 0.14% 1.17%

%

K q( ) = C1
α −1

qα − q( )ϕλ
q = λK q( ) λ = Leff / Δx E k( ) ≈ k−βΔI = ϕΔxH
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Probabili�es	
  and	
  codimensions	
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ε0	
   ε1	
  

Revisi�ng	
  the	
  α	
  Model	
  	
  

“boost”	
  

“decrease”	
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Revisi�ng	
  the	
  α	
  Model	
  	
  

The α model is a binomial process:  
Pr(µε = λ0

γ + ) = λ0
−c             (>1  ⇒  INCREASE)

Pr(µε = λ0
γ − ) = 1− λ0

−c       (<1  ⇒  DECREASE)   

where γ+, γ- correspond to boosts and decreases respectively, the β model being the special case  
where γ − = −∞  and γ + = c  (due to conservation <µε> = 1, there are only two free parameters):  

λ0
γ + −c + λ0

γ − 1− λ0
−c( ) = 1   

Taking −γ > −∞ , the pure orders of singularity −γ and +γ  lead to the appearance of mixed  
orders of singularity, of different orders −γ (γ ≤ γ ≤ +γ ) .  

Conserva�on	
  constraint	
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α	
  Model	
  a�er	
  2	
  steps	
  

Pr(µε = λ0
2( )γ+ ) = λ0

2( )−c                         (one large)

Pr(µε = λ0
2( ) γ+ +γ −( )/2

) = 2 λ0
2( )−c /2

− 2 λ0
2( )−c      (intermediate)

Pr(µε = λ0
2( )γ− ) = 1− 2 λ0

2( )−c /2
+ λ0

2( )−c                  (large decrease)    

What is the behaviour as the number of cascade steps, n → ∞? Consider two steps of the  
process, the various probabilities and random factors are:  

Pr(µε = λ0
2γ + ) = λ0

−2c                         (two boosts)
Pr(µε = λ0

γ + + γ − ) = 2λ0
−c (1− λ0

−c )     (one boost and one decrease)
Pr(µε = λ0

2γ − ) = (1− λ0
−c )2                  (two decreases)   

Rewri�ng:	
  

Two	
  steps:	
  an	
  
equivalent	
  3	
  
state	
  model	
  
with	
  λ	
  =	
  λ02	
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Iterating this procedure, after n = n+ + n-
 steps we find:  

γ n+ ,n−
=
n+γ + + n−γ −

n+ + n−
 ,        n+ = 1,...,n

Pr µε = λ0
n( )γ n+ ,n−( ) = n

n+

⎛

⎝
⎜

⎞

⎠
⎟ λ0

n( )−cn+ /n
1− λ0

n( )−c /n( )n−
   

where 

n
n+

⎛

⎝
⎜

⎞

⎠
⎟

 is the number of combinations of n objects taken n+  at a time.  This implies that  
we may write:  

Pr ε
λ0
n ≥ λ0

n( )γ i( ) = pi, j
j
∑ λ0

n( )−ci , j
  

The pij’s are the “submultiplicities” (the prefactors in the above), cij are the corresponding  

exponents (“subcodimensions”) and λ0
n

 is the total ratio of scales from the outer scale to the  
smallest scale.  Notice that the requirement that µε = 1  implies that some of the iγλ  are >1.   

α	
  Model	
  a�er	
  n	
  steps	
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-1

X

2

1

Values	
  and	
  singulari�es	
  

A	
  schema�c	
  illustra�on	
  of	
  a	
  mul�fractal	
  field	
  analyzed	
  over	
  a	
  scale	
  ra�o	
  λ,	
  with	
  two	
  scaling	
  
thresholds	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  ,	
  corresponding	
  to	
  two	
  orders	
  of	
  singularity	
  :	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  	
  2γ > 1γ1γλ 2γλ

γ = logελ
logλ

Pr ελ > λγ( ) ≈ λ−c γ( )General	
  result:	
  

“singulari�es”	
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Real	
  fluxes	
   Shuffled	
  	
  fluxes	
  

γ = Log ′ε
Logλ

λ=8192	
  

λ=512	
  

λ=32	
  

′ε = λγγ ; ′ε = ε
ε
; λ = L

l

L	
  

l

Removing the sale 
dependency of the flux: γ	
  

Example	
  with	
  aircra�	
  data:	
  

No�ce	
  that	
  	
  the	
  range	
  
of	
  γ’s	
  is	
  nearly	
  constant	
  

No�ce	
  that	
  	
  the	
  range	
  
of	
  γ’s	
  is	
  systema�cally	
  
reduced	
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The	
  Codimension	
  Mul�fractal	
  
Formalism	
  	
  

Codimension	
  of	
  Singulari�es	
  c(γ)	
  and	
  its	
  rela�on	
  to	
  K(q)	
  	
  

We now derive the basic connection between c(γ) and the moment scaling exponent K(q). To  
relate the two; write the expression for the moments in terms of the probability density of the  
singularities:  

 
p γ( )  = d Pr

dγ
   c' γ( ) logλ( )λ−c γ( )  λ−c γ( )

  
(where we have absorbed the c’(γ)logλ factor into the “  ” symbol since it is slowly varying,  
subexponential). This yields:  

ελ
q = dPr ελ( )ελq∫ ≈ dγλ−c γ( )λqγ∫   

where we have used λε = γλ  (this is just a change of variables λε  for γ , λ  is a fixed parameter).  
Hence:  

ελ
q = λK q( ) = eK q( ) log λ ≈

−∞

∞

∫ dγeξf γ( ); ξ = logλ; f γ( ) = qγ − c γ( );    λ>>1
  

Pr ελ > λγ( ) = p ελ( )dελ
λγ

∞

∫

Pr ′γ > γ( ) = p ′γ( )d ′γ
γ

∞

∫

Rela�on	
  probability	
  density	
  
and	
  distribu�on:	
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Legendre	
  transform	
  
We need an asymptotic expansion of an integral with integrand of the form:  
  
 exp(ξ f(γ)); ξ = logλ is a large parameter,   f(γ) = qγ - c(γ).    
  
“Steepest descents” method shows that for ξ = logλ >>1 , the integral is dominated by the γ which  

yields the maximum:  
  

eξf γ( ) dγ ≈
−∞

∞

∫ e
ξmax

γ
f γ( )( )

  

so that:  

ελ
q = eξK q( ) ≈ e

ξmax
γ

qγ−c γ( )( )
; ξ = logλ   

  
hence:  

K q( )=max
γ

qγ − c γ( )( )
  

This relation between K(q) and c(γ) is called a “Legendre transform” (Parisi and Frisch, 1985).   
  

Legendre	
  transform	
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Inverse	
  Legendre	
  transform:	
  c(γ)	
  

We can also invert the relation to obtain c(γ) from K(q): aLegendre transform is equal  
to its inverse, hence we conclude:   

 
c γ( ) = max

q
qγ − K q( )( )

  

The γ which for a given q maximizes qγ - c(γ) is γq and is the solution of c’(γq) = q.   

Similarly, the value of q which for given γ maximizes qγ- K(q) is qγ so that:  

qγ = ′c γ( )
γ q = ′K q( )

  

Legendre	
  transform	
  

One-­‐to-­‐one	
  correspondence	
  
between	
  moments	
  and	
  orders	
  
of	
  singulari�es	
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Graphical	
  Legendre	
  transform	
  

c(γ)	
  versus	
  	
  showing	
  the	
  tangent	
  line	
  c’(γ	
  q)	
  =	
  q	
  with	
  the	
  corresponding	
  
chord	
  .	
  	
  Note	
  that	
  the	
  equa�on	
  is	
  the	
  same	
  as	
  γq	
  =	
  K’(q).	
  	
  

c( )

c( ) slope q

γ

K(q)

γq

γ

γ

K q( )=max
γ

qγ − c γ( )( )
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K(q)	
  versus	
  q	
  showing	
  the	
  tangent	
  line	
  K’(qγ)	
  =	
  γ	
  	
  with	
  the	
  corresponding	
  chord	
  .	
  	
  

c( )

q γ

slope

K(q)

q

K(q)

1

γ

γ

Graphical	
  Legendre	
  transform	
  

c γ( ) = max
q

qγ − K q( )( )
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Proper�es	
  of	
  codimension	
  func�ons	
  	
  

c(γ) is the statistical scaling exponent characterizing how its probability changes 
with scale.   
 
1)  The first obvious property is that due to its very definition c(γ) is an 

increasing function of γ: c’(γ)>0. 

   

1)  Another fundamental property which follows directly from the Legendre 
relation with K(q), is that c(γ) must be convex: c’’(γ)>0. 	
  

Pr ελ > λγ( ) ≈ λ−c γ( )Reason:	
  increasing	
  γ	
  must	
  decrease	
  the	
  probability:	
  

Reason:	
  K(q)	
  must	
  be	
  convex	
  and	
  the	
  Legendre	
  transform	
  of	
  a	
  convex	
  func�on	
  is	
  convex	
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The	
  special	
  
proper�es	
  of	
  the	
  
singularity	
  of	
  the	
  
mean,	
  C1	
  

γ

c(  )

C1

rare
events

extreme
events

γ

C1Many properties of the codimension function can be illustrated graphically.   
For example, consider the mean, q =1.   
 

1)  First, applying K’(q) = γ we find K’(1) = γ1 where  is the singularity giving the dominant contribution to the 
mean (the q = 1 moment).  We have already defined C1 = K’(1), so that this implies C1 = γ1; the Legendre 
relation thus justifies the name “codimension of the mean” for C1.  

2)   Also at q = 1 we have K(1) = 0 (due to the scale by scale conservation of the flux) so that C1 = c(C1) (this is a 
C1 is thus simultaneously the codimension of the mean of the process and the order of 

singularity giving the dominant contribution to the mean. 

  

1)  Finally, applying c’(γ) = q we obtain c’(C1) = 1 so that the curve c(γ) is also tangent to the line x = y (the 
bisectrix). If the process is observed on a space of dimension d, it must satisfy d≥ C1, otherwise, following the 
above, the mean will be so sparse that the process will (almost surely) be zero everywhere; it will be 
“degenerate”.  We will see that when C1>d that the ensemble mean of the spatial averages (the dressed mean) 
cannot converge.   

	
  

K 1( ) = max
γ

γ − c γ( )( )Reason:	
   Now,	
  note	
  that	
  the	
  γ	
  that	
  maximizes	
  this	
  is	
  γ1	
  =	
  C1	
  and	
  K(1)=0	
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Codimensions	
  of	
  Universal	
  
mul�fractals,	
  cascades	
  	
  

K q( ) = C1

α −1
qα − q( );     α ≠ 1

K q( ) = C1qLog q( ); α = 1     

Valid for 0≤α≤2; however, K diverges for all q <0 except in the special (“log-normal”) case α = 2 . 
To obtain the corresponding c(γ), one can simply take the Legendre transformation to obtain	
   Add: 
to obtain the α=1 case, just take limit as α->1. 

c γ( ) = C1
γ

C1 ′α
+ 1
α

⎛
⎝⎜

⎞
⎠⎟

′α

;     α ≠1; 1 / ′α +1/α =1

c γ( ) = C1e
γ
C1

−1
⎛
⎝⎜

⎞
⎠⎟ ; α = 1

Universal	
  mul�fractal	
  K(q)	
  

Universal	
  mul�fractal	
  c(γ)	
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Universal	
  c(γ)	
  

Note that since α’ changes sign at α =1, for α<1, there is a maximum order of singularity 
γmax = C1/(1-α) so that the cascade singularities are “bounded”, whereas for α>1, there is on the 
contrary a minimum order γmin = -C1/(α-1) below which the prefactors dominate (c(γ) = 0 for 
γ<γmin) but the singularities are unbounded. 

2.01.51.00.50.0-0.5-1.0
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α<1,	
  α>1	
  cases:	
  bounded,	
  unbounded	
  singulari�es	
  

α=1/2,	
  C1=1	
  

α=3/2,	
  C1=1	
  

−C1
α −1

−C1
α −1

α=1/2	
  

Asymptote	
  
(α=1/2)	
  

Minimum	
  γ	
  
with	
  c>0	
  
(α=3/2)	
  

-­‐	
   2	
   -­‐	
   1	
   1	
   2	
  
γ	



0.5	
  

1.0	
  

1.5	
  

2.0	
  

2.5	
  

3.0	
  

c	
  (	
  γ)	



c γ( ) = C1
γ

C1 ′α
+ 1
α

⎛
⎝⎜

⎞
⎠⎟

′α

; γ > −C1
α −1

c γ( ) = 0; γ ≤ −C1
α −1

c γ( ) = C1
γ

C1 ′α
+ 1
α

⎛
⎝⎜

⎞
⎠⎟

′α

; γ < −C1
α −1

c γ( ) = ∞; γ ≥ −C1
α −1

2 ≥ α >1; ′α > 2

0 ≤ α <1; ′α < 0

′α = α
α −1

c γ( ) ≈ − logελ
logλ

γ = logελ
logλ

Frequent	
  low	
  values	
  
“Levy	
  holes”	
  

Maximum	
  possible	
  
singularity	
  

c(γ)=0	
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Examples	
  

C1	
  =	
  0.1	
  

α	
  =0.3	
  

α	
  =0.5	
  

α	
  =0.7	
  

α	
  =1.9	
  
α	
  =1.7	
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This shows 11 independent realizations of α = 0.2, C1 = 0.1 indicating the huge 
realization to realization variability : the bottom realization is not an outlier!	
    no to so 
impressive .... with the only exception of a big spike ! 

α	
  =0.2,	
  C1	
  =	
  0.1	
  
D
ifferent	
  realiza�ons	
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Ten independent realizations of α = 1.9, C1 = 0.1, again notice the large realization 
to realization variability.	
  	
  

α	
  =1.9,	
  C1	
  =	
  0.1	
  
D
ifferent	
  realiza�ons	
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!

T h i s s h o w s i s o t r o p i c 
realizations in two dimensions with 
α  = 0.4, 1.2, 2, (top to bottom) and 
C1 = 0.05, 0.15 (left to right).  The 
random seed is the same so as to 
make clear the change in structures 
as the parameters are changed.  The 
low α simulations are dominated by 
frequent very low values; the “Lévy 
holes” .   The vertical scales are not 
the same.  misleading, we need to 
find something else.. 

 It’s too late to change the 
name… and if so, to what? 

α	
  =0.4	
  

C1	
  =	
  0.05	
  

α	
  =1.2	
  

α	
  =2.0	
  

C1	
  =	
  0.15	
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Direct	
  empirical	
  es�ma�on	
  of	
  c(γ):	
  the	
  probability	
  
distribu�on	
  mul�ple	
  scaling	
  (PDMS)	
  technique	
  	
  

Log(Pr(ελ > λγ ) = −c(γ )Log(λ)+ o(1 / Log(λ))O(γ )

Pr(ελ > λγ ) ≈ λ−c(γ )

Start from the fundamental defining equation, take 
logs of both sides and rewrite it as follows: 

 corresponds to the logarithm of slowly varying factors that are hidden in the “≈” sign.	
  

γ =
log ελ( )
logλ

The	
  singularity	
  is	
  es�mated	
  from	
  the	
  fluxes	
  by:	
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PDMS	
  
examples	
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c( )

-0.2 0.2 0.4 0.6 0.8

0.5

1.0

1.5

c( )

-0.2 0.2 0.4 0.6 0.8

0.5

1.0

1.5

c( )

c(γ) estimated from the PDMS method c(γ) ≈ -logPr/logλ are shown for resolution degraded by 
factors of 2 from 280 m to ≈36 km (longest to shortest curves).  For reference, lines of slope 3 (top 
row) and 5 (bottom row) are given corresponding to power law probability distributions with the 
given exponents. 	
  

c(γ) ≈ -logPr/logλ 	
  

z	
   p	
  

vlong	
   vtrans	
  

Aircra�	
  at	
  200mb:	
  24 flight legs, each 4000 points long, 280 m 
resolution (i.e. 1120 km), dynamic variables	
  

Probability	
  
Distribu�on	
  Mul�ple	
  
Scaling	
  technique	
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Thermodynamic	
  variables	
  

The reference lines all have slopes of 5	
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T	
   logθ	



h	
   logθE	
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Codimension	
  and	
  dimension	
  mul�fractal	
  formalisms	
  

ελ = λγ Πλ = ελd
d x

Bλ
∫ = λ−αd

vol Bλ( ) = λ−dl = λ−1

Πλ = ελvol Bλ( ) = λγ−dαd = d − γ

Singulari�es	
  

Probabili�es	
  

Pr ελ = λγ( ) ≈ λ−c γ( )

Number Πλ = λ−αd( ) = λ− fd αd( )

Number = λd Pr
fd αd( ) = d − c γ( )

Sta�s�cal	
  Moments	
  

ελ
q = λK q( )

Πλ,i
q

i=1

λd

∑ = λ−τd q( )

Πλ,i
q

i=1

λd

∑ = λ−dελ( )q
i=1

λd

∑ = λd q−1( ) ελ
q = λK q( )−d q−1( )

τd αd( ) = d q −1( ) − K q( )

Codimension	
  (stochas�c)	
   Dimension	
  (determinis�c)	
  

c γ( )↔
L .T .
K q( ); fd αd( )↔

L .T .
τ q( )

Πλ = Pλ

ελ = pλ

density	
  

integral	
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